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Abstract

This paper presents several resulis concerning com-
plezity of neural network learning in the Blum-Shub-
Smale real number model. Two different types of load-
ing problems are defined in this model. The relation-
ships between loading problems and some problems in
the real number model are studied. First, we prove
the polynomial equivalence between the second loading
problem and linear programming problem in the real
number model. Second, we show that the TSP problem
can be polynomially reduced to the first loading prob-
lem. At last, we prove loading a neural network con-
sisting of linear sum units and linear threshold units
i3 NP-complete.

1 Introduction

Judd [6] proved that neural network learning in the
conventional computation model is NP-complete. He
defined a loading problem for connectionist learning
and then proved that the 3SAT problem can be poly-
nomially reduced to the loading problem. Judd’s load-
ing problem is defined using conventional computa-
tion models, i.e. based on the Turing machine. Each
node in the network implements a binary Boolean
function. The complexity measure is, therefore, based
on bits.

As pointed out by Blum, Shub and Smale in [1} [2],
many areas, €.g., robotics, computer vision, dynamic
system theory and large scale scientific computations
require a real number model where the complexity
measure is based on the number of basic algebraic
operations. They defined a real number computation
model. This model can be generalized to any alge-
braic ring. The importance of the BSS model lies in
the fact that the 4-Feasibility Problem over R is de-
fined and proved to be NP-complete. In words, the 4-
Feasidility Problem is: Given a multivariable polyno-
mial f of degree 4 with coefficients from R, is f(z) = 0
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feasible over R, i.e., does f(z) = 0 have a solution
over R? Canny has found exponential complexity
bounds for 4-Feasibility problem [3]. The problems
of 2-Feasibility and 3-Feasibilily are proved to be in
P [11]. There are a couple of problems whose integer
or rational number versions are known to be in P or
NP, but whose real number versions are still open,
e.g., the linear programming problem (LPP) and the
traveling salesman problem ( TSP).

Hong [5] showed that non-uniform aggregate of
Boolean gates can polynomially simulate neural net-
works with real valued weights and threshold. His
work is along the line of infinile precision discrete
models [7] since real numbers are not considered as
independent, unit entities.

This paper presents several results concerning com-
plexity of neural network learning in the Blum-Shub-
Smale real number model.

2 The Loading Problem in the Real
Number Model

A neural net which only consists of linear thresh-
old units can perform a mapping R* — {0,1}*. In
order to perform the mapping R* — R*, we should
allow linear sum units, which can be characterized
by f(z) = w-z. In [9]}, a more powerful unit type
called stgma-pt unit is described. In this research this
unit type will not be involved. In some cases we al-
low some of the weights of a neuron to be fixed. The
fixed weights can not be adjusted in a learning pro-
cess. The advantage of fixing weights of a neuron is
that the threshold value can be varied in some range
by changing input values on edges with fixed weights.

An architecture specifies the interconnection struc-
ture of a network. The architecture of a network
should specify whether a node computes linear sum
or linear threshold functions, and which edges have
fixed weights. In this research we just consider feed-



forward neural net. The architecture of a feedforward
neural net is a directed acyclic graph G with several
designated input nodes and output nodes. The input
nodes have no incoming edges. The nodes of G that
are neither input nor output nodes are called hidden
units.

The type of learning considered here is supervised
learning. In this paradigm input patterns (called
stimuli) are presented to a machine paired with their
desired output patterns (called responses). The object
of the learning machine is to remember all the asso-
ciations presented during a training phase so that in
future tests the machine will be able to emit the asso-
ciated response for any given stimulus. Both stimulus
o and response p are vectors of reals, that is, o € R*
and p € Rt. The output from a net is also a real
vector, denoted by # € R*. An output vector, 6, is
said to agree with a response vector, p, if # = p. The
notation for such agreement is 6 |= p. Each stimu-
lus/response pair, (0, p), is called an SR item. A task
is a set of SR items that the machine is required to
learn. Computationally, a task can be viewed as a col-
lection of constraints on the mapping that a network
is allowed to perform.

Loading is the process of assigning appropriate
weight vectors W to each node in the architecture so
that the output of the network can perform the given
task. So the architecture A defines a mapping from
the space of stimuli to the space of responses:

M{ :R* - R
The values of 4 and W fully define the behavior of a
network.

More formally, the problem can be stated as fol-
lows:

Instance: An architecture A and a task T.

Question: Does there exist a W for A such that

T C {(0,p): M{ (o) agrees with p}?

The above loading problem is of the same form of
Judd’s original loading problem. Realistic learning
algorithms, however, are not just to decide whether
or not there exist weight vectors to make given archi-
tectures to perform given tasks. Learning algorithms
actually can always find weight vectors if given tasks
are learnable.

We can define another loading problem as follows:

Instance: An architecture 4 and a task T.

Question: Find a W for 4 such that

T C {(o,p) : M (o) agrees with p}.

To distinguish we call the first problem the loading
problem 1, and the above problem the loading prob-
lem 2. The loading problem 1 is a decision problem.
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The loading problem 2 is a search problem. Obviously,
the loading problem 2 is harder than the loading prob-
lem 1.

3 Complexity of Loading Problem

8.1 Single Neuron and Linear Program-
ming

First we consider the single neuron problem and
the Linear Programming problem.

In this problem we only consider the case of loading
problem 2, i.e., trying to find a weight vector for a
single neuron so that it can learn a given task.

The linear programming problem is to

mazimize: z= 2?=1 Cj Ty (1)
subjectto: 37, aij-z; < b

foralll<i<m.
The dual problem of the above is to

minimize: w= :';1 b -y (2)
G Yi 26

forall1<j<n.

subject to :

All the coefficients a, b and c are real numbers. So
are the variables z and y.

According to duality theorem of linear program-
ming theory, the given primal problem (1) gets opti-
mal value iff z > w. In that case the dual problem (2)
also reaches its optimal solution.

LEMMA 1. Loading a single neuron can be polyno-
mially reduced to LP.

Proof: This direction is relatively easy. For each in-
stance in the given task, we can always construct a
constraint which is of the form of linear inequality. In
their early book (4], Duda and Hart have described
how to transform a loading problem to a linear pro-
gramming problem. The transformation procedure
takes only O(m - n) algebraic operations. 1

LEMMA 2. LP can be polynomially reduced to load-
ing a single neuron.

Proof: The key point here is to construct a learning
task and make a neuron memorize the given task. If
the neuron can learn the given task, we prove the
linear programming problem can be solved. The task
consists of 2m + 2n + 1 instances as shown in Figure
1. It should be noted the neuron in Figure 1 has a



special incoming edge with a fixed weight 1. The last
element of each instance vector is the response. The
other elements are stimuli.

The first set of instances I = {Ii,..,In4m} can
make all z; and y; be no less than 0.

The second set of instances J = {Jj,...,Jm} can
force the neuron satisfy the constraints of the pri-
mal problem (1). The third set of instances K =
{K3,...,Kn} can force the neuron satisfy the con-
straints of dual problem (2)

The last instance Ly can assure the optimal condi-
tion z > w.

So if the neuron learns the given task, the weight
vector of the neuron constitutes the solution to prob-
lems (1) and (2).0
THEOREM 3. Loading a single neuron is polynomi-
ally equivalent to LP.

Proof: Immediately follows Lemma 1 and Lemma 2.
a

3.2 Layered Threshold Net and TSP

We consider the decision version of TSP where
the minimization of tour length z becomes decidine
whether or not there exist a tour such that its leng:
z < K, K is a real number.

THEOREM 4. TSP can be polynomially transformea
to loading problem 1 for a threshold network with 3
layers.

Proof: See [12] for details.

For a given weight vector, the verification of
whether the given architecture can perform the given
task always takes polynomial time. Theorem 4 states
that if TSP is NP-complete or NP-hard, so is the prob-
lem of loading a threshold net with 3 layers.

3.3 Layered Net and 4-Feasibility

Both Theorem 3 and Theorem 4 concern networks
consisting of linear threshold units. In this section we
consider layered nets where linear sum type of units
are allowed. We will prove that loading a layered net
is NP-complete.

In BSS model, the only NP-complete problem cur-
rently known is the 4-Feasibility problem. A multi-
variable polynomial fof degree 4 is defined as follows:

n

f(:c) = Zc;zumizziswm (3)
=1

where ¢, z;; € Rfor 1 <1< n, 1 <j <4 The
4-Feasibility problem can be stated as: Is f(z) = 0
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feasible over R, i.e., does f(z) = 0 have a solution
over R?

Let’s first consider the loading problem 1.
THEOREM 5. Loading a layered net consisting of
linear sum and linear threshold units is NP complete.
Proof: Obviously, the loading problem in this case
can be polynomially verified. So it is in NP. In the
following we will focus on reducing the 4-Feasibilily
to the loading problem.

The Figure 2 gives a clear presentation of the proof.
The boxes denote the linear sum units whereas the cir-
cles denote the linear threshold units. All the thresh-
old units are output nodes. All the unlabeled units
are input nodes. In this case all the expected output
values are 1s.

Each term in f(z) corresponds to a column of lin-
ear sum units in the Figure 2. Each linear sum unit
has a fixed weight 1 directly from the input layer. If
there are some terms in f(z) with degree less than 4,
we can assume some z; = 1. That means the corre-
sponding units has fixed weight 1. Each column i has
five inputs, (49, ...,%4). If each column has the input
vector (1,0,0,0,0) in one instance and (-1,0,0,0,0) in
~aother instance, f(z) = 0 will hold true.

There exist possibilities that ;¢ = 24 or T; = 245
Some additional threshold units are needed to guar-
antee this. In the Figure 2 the threshold unit Riss
can force ;2 = ri23 and ;3 = riz3 so that zi3 = 43
with inputs to column ¢ are (0,1,9,0,0), (0,-1,0,0,0),
(0,0,1,0,0) and (0,0,-1,0,0), respectively.

If the given layered network in the Figure 2 can be
loaded, f(z) = 0 will be true, and vice verse.O

If we advance the §-Feasibility problem to the prob-
lem of finding a solution to the f(z) = 0if any, we will
get a new problem, call it 4-Finding. Obviously, using
the same transformation, we can polynomially reduce
the 4-Finding problem to loading problem 2. That
means loading a layered network is at least as hard
as 4-Finding. Currently, we do dot yet know rela-
tions between 4-Feasibility and 4-Finding. Of course,
4-Finding is at least as hard as 4-Feasibility.

4 Conclusions

Since the BSS model was proposed, there has been
no real world problems studied in this model. The
4-Feasibility problem has been the only one which is
known to be NP-complete in the BSS model. In this
work the first loading problem of a neural net consist-
ing of linear sum units and linear threshold units is



proved to be NP-complete. This result provides ev-
idence that the definition of NP-completeness in the
BSS model is meaningful for some real world prob-
lems.

The theorems in last section show that the loading
problem is at least as hard as some computationally
difficult problems. If the linear programming problem
were proved in NP-complete, even training a single
neuron would be NP-complete.

It is, however, hard to say that these theorems are
telling bad news to connectionist community. Con-
nectionist research is an engineering discipline where
errors and noises would occur. The loading problem
studied here is to find ezact weights for a given task.
In practical simulation, it is almost impossible to find
ezact solutions. Approximation should be allowed in
many cases. The information-based complezity model
which is developed by Traub and his colleagues (cf.
[10]) seems very promising in this context.
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Figure 1. Loading a Single Neuron
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Figure 2. Loading a Layered Net
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