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Abstract

We review recent work and some new results on the
role of quanium superpositions in providing new modes
of computation, not available to classical computers.
For certain problems, these new modes can provide an
exponential reduction in complexity over any classical
computer demonsirating the importance of quantum
processes for issues in complerity theory.

Introduction

Computation and information theory are well
known to be fundamentally related to physics [1] -
the operation of any computing machine is a physi-
cal process so that questions about the possibilities
and limitations of computation must make reference
to physical laws. On the other hand any act of mea-
surement in physics may be viewed as an information
gathering process, which may be analysed within the
framework of information theory [4]. Wheeler and oth-
ers [2,3] have suggested that the links between physics
and computation may provide the key to understand-
ing the origin of physical laws at the most fundamental
level.

Despite these links, the standard mathematical the-
ory of computational complexity rests firmly on clas-
sical (rather than quantum) physics. The fundamen-
tal concept of Turing machine [5] is clearly abstracted
from classical considerations, disallowing quantum ef-
fects during a computation (e.g. writing a superposi-
tion of 0 and 1 on a tape square at some stage.)

The systematic consideration of computing pro-
cesses in the context of quantum physics began in
the early 1980’s with the work of Benioff [6], followed
by Feynman [7], Peres [8] and Deutsch [9,10]. Of
these, Deutsch emphasised the novel implications. of
quantum interference, allowing the information bear-
ing bits of the computer to begin in, end in or pass
through states which are superpositions of the basic
values 0 and 1. This gives rise to new modes of compu-
tation [9,11,12] not available to any classical computer.
These modes affect the computational complexity of
problems but no new functions (which are not already
Turing computable) can be computed.
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As will become clear below, the practical implemen-
tation of these new modes requires maintaining quan-
tum coherence for many computational steps in po-
tentially large systems (the joint state of many bits of
memory). The number of degrees of freedom may even
become unbounded in theoretical considerations, for
example, of polynomial versus exponential complexity,
which are essentially asymptotic concepts. Although
the required level of coherence is probably impossible
to achieve in practice, the present investigation may
be expected to be of interest for fundamental theoret-
ical issues in computation and quantum theory, e.g.
possibly providing a new approach to the problem of
whether quantum theory is valid in the macroscopic
domain [17] or not. Also for some “small” computa-
tions (e.g. computing the XOR of two bits [9,12]) the
quantum method does provide a new, plausibly imple-
mentable method of computation. The investigation
of these new modes in the presence of restricted co-
herence remains a problem for future work.

We will describe two applications of quantum su-
perpositions - computation by quantum parallelism
and the solution of relational problems.

Computation by quantum parallelism

Let U; be a device that computes a function f :
Z,, — Zy (i.e. a quantum computer [9] programmed
to compute f) and let H,,, be a Hilbert space of
dimension mn with a fixed orthonormal basis de-
noted [i,j], ¢ € Zm,j € Z,. Suppose that U; op-
erates by accepting an input state [{,0] and evolv-
ing it to the output state [z, f(¢)] from which f(7)
may be read with probability 1. Then by linearity
of quantum evolution, ¢y will evolve the input state
vin.= ([0,0] 4 ... + [m — 1,0]) into the output state

o(f) = ([0, fO)+...+[m-1,f(m-1)]) (1)

Thus by running /; only once, we have computed all
m values of f in superposition. The term “computa-
tion by quantum parallelism” refers to this process of
using a superposed input to conduct parallel compu-
tations in quantum superposition. (We will consider
here only the equally weighted superposition above but
more general forms may also be considered [12].) Un-
fortunately the full information of the list of values



f(0),..., f(m — 1) cannot be extracted from the state
v(f) but certain joint properties G(f&())), oo f(m=1))
(abbreviated G(f)) can, in a probabilistic sense de-
scribed below.

The class of computational task we shall be con-
sidering involves being given ; and then using it to
determine some property G( f? in an efficient way. On
a classical computer we would generally need to re-
peatedly run U, , obtaining sufficiently many values
f(if to determine G(f). On a quantum computer we
utilise the superposition v(f) obtained after only one
run, as follows.

Let G(f) be a property taking values in the
list 71,...,7. Then we will say that G is
“computable by quantum parallelism” (abbrevi-
ated QPC) if there is a quantum observable ¢
with eigenvalues ¥i,...,7k, fail (and corresponding
eigenspaces denoted E(v1), ..., E(vx), E;fail)) satis-
fying (a) projpy(v(f)) = 0 if G(f) # 7 and (b)
projp(y)(v(f)) # 0 if G(f) = 7. Hence if G is mea-
sured on any one of the vectors v(f) the only possible
results are the correct value G(f or the result fail.
Furthermore the correct value is always seen with a
non-zero probability, denoted p(f). A wrong answer
is never obtained.

Some examples of QPC G’s are given in [9,12]. For
[ : Zy — Zj the Boolean sum G(f) = f(0) & f(1) is
QPC (with all probabilities p(f) being 1/2) but the
Boolean product is not QPC.

These considerations raise the following questions:
8% How can we characterise the properties which are

C? (b) How large can the probabilities p( f) of suc-
cessful computation be? Some results relating to (b)
are given in the next section. The results below pro-
vide some answers to (a).

We first describe an alternative characterisation of
G being QPC. Let a1v(fi) + ...+ aiv(fi) = 0 be a
linear relation (with each a; nonzero and each f; oc-
curring at most once.) We say that G “respects” the
linear relation if the list G(f1), ..., G(fi) contains each
occurring value at least twice (i.e. no value occurs ex-
actly once). Then it may be shown {12] that G is QPC
if and only if G respects all linear relations amongst
the n™ vectors v(f). This result remains true for any
choice of vectors v(f) “representing ” the functions f.
Thus to increase the number of QPC G’s we should
arrange that the v(f)’s be as linearly independent as
possible.

For our choice of equally weighted v(f)’s, all linear
relations may be explicitly characterised [12] leading
to results like the following: For the case of binary
variables (i.e. f : Zp — Zy and G : (Z2)™ — Z,
), the only functions G which are QPC are (a) the
constant function at 0 (b) the m projection func-
tions (¢) the m(m — 1)/2 pairwise Boolean sums
Gij(ag,...,8m-1) = a; ® a;, and the functions ob-
tained by Boolean sum of f to each of these. This
seems rather limiting but the class of QPC functions
may be significantly increased by considering other
natural constructions for the v(f)’s.
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Probabilities of successful computation

If G is QPC then a successful computation can give
the benefit of m computations of f for the price of one.
This is computationally significant if the probabilities
P( fg‘ can be made suitably large (e.g. if an average
of them depending on the provided distribution of f’s
1s larger than 1/m.) We describe two results limiting
the size of the probabilities.

Firstly, Deutsch [9] has shown that if G is QPC (for
[ : Zy — Z,,) then the smallest of the p(f)’s is always
<1/m.

Secondly, the decoding of a QPC property G may
be thought of as the transmission of information
through a quantum channel. The sender is transmit-
ting the values G(f) encoded as the state vectors v(f).
The receiver decodes the messages by applying the
observable G. The theorem of Kholevo [14] (also de-
scribed in [15]) may be applied to this situation and
used to derive the following result [13]. Consider the
equation

(2—a)in(2—a)— (1 —-a)in(1 —a)
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m

Then (a) for each m € N there is a unique solution
0 < a(m) < 1 (b) a(m) is monotonic decreasing in
m with a(m) — 0 as m — oo and (c) for any QPC
property G (on f : Z,, — Z,) every probability p(f)
is < a(m).

Hence isolated probabilities can never remain large
as m is increased. It may also be shown that
a(m) > 1/m for all m (in fact asymptotically a(m) ~
(logam)/m ) so this bound does not include Deutsch’s
result as a special case, nor does it settle the question
of whether the average of the p(f)’s for some G can
exceed 1/m.[18]

Relational problems

So far we have been concerned with the computa-
tion of functions i.e. where the answer for a given
input is unique. A more general class of problem in-
volves the mathematical notion of a relation (which
may be thought of as a “one-to-many” function).
Given an input, the problem is to find any one of its
relatives, e.g. given a composite number, find any one
of its factors.

Deutsch has pointed out that in this context, a
quantum computer offers another new mode of com-
putation. A classical computer will always evaluate
a function “subordinate” to the relation e.g a factori-
sation program will always find the same factor of a
given input. However, a quantum computer may halt
In an output state which represents a superposition
of all the relatives (e.g. factors of a given number).
Repeated computation on the same input followed by
an observation of the output will generally yield dif-
ferent, but always correct, answers. This more general
form of the output state implies less restriction on the



computational evolution which may be exploited as a
saving in computational complexity.

An example of such a problem has been given in [11]
and reformulated in an elegant mathematical form in
(16]. In contrast to the probabilistic nature of compu-
tation by quantum parallelism, this problem is always
solved with certainty by the quantum computer. Fur-
thermore, in a suitable context {11,16], the quantum
computer offers an exponential saving in complexity
over any classical computer. This provides clear ev-
idence that the theory of computational complexity
will need to be modified in the presence of quantum
modes of computation.
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