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Abstract

The units of energy-time product in the VLSI model of
computation correspond to action. Motivated by the prin-
ciple of least action, we propose a definition for compu-
tational action and develop a principle of least computa-
tional action. Any VLSI algorithm satisfying the principle
of least computational action is also energy-time and AT?
optimal.

1 Introduction

A VLSI system can be viewed as an information engine
that processes input data in accordance with a prede-
termined algorithm so that the output is in the desired
form. In doing so, it uses certain amount of space, time
and energy. These resources (space, time and energy) to
certain extent are interchangeable. For instance, the sem-
inal work of Thompson [Tho79], Brent and Kung [BK80]
demonstrates an area-time trade-off. Energy can also be
traded for time as shown in Aggarwal et al. [ACR88]] and
Tyagi [Tya89]. Consider the 2-dimensional space formed
by area and energy. A VLSI computation corresponds to
a path in the time projection of area, energy space. A
given VLSI algorithm can be realized along a large vari-
ety of paths with in this area, energy, time space. Which
of these paths result in energy-time (ET) and area-time
(AT?)* optimal computations? Note that ET optimality
is based on the global use of energy and time. Is it pos-
sible to state some local optimality criteria that ensure
global optimality? This paper is an attempt to answer
these questions. The work reported here is still in ongo-
ing stage and hence it is only a preliminary report.

The cost of resources needed to realize a function in
VLSI can be bounded from below by several complex-
ity measures, primary one being the communication or
information complexity of f denoted by I(f,n). The in-
formation complexity I(f,n) is the minimum of number
of bits that need to be exchanged between two processors
each holding roughly half the input bits, to compute f
cooperatively, over all equal sized partitions of input bits.
All the known AT? and ET bounds are stated in terms
of I(f,n). One key technique, introduced by Thompson
[Tho79}, is to cut the VLSI chip so that the set of input

*Note that ET optimality implies AT? optimality since E
has an upper bound of AT.
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bits is equally partitioned on two sides. The heart of the
argument is to relate the length of this cut to.a function
of area and time as well as to I(f, n). The reason for out-
lining this lower bound technique is to draw the reader’s
attention to the fact that the central role of wires in a
VLSI system is to transmit information between different
parts of the system. The total cost of the system, whether
it is area, time or energy, seems to be dominated by the
cost of wires. Hence the design of a VLSI system consists
of dealing with these area, energy and time trade-offs.
The principle of least computational action developed in
this paper is another way of describing the optimal part
of area, energy and time space:

Let us first introduce the principle of least action fol-
lowed by an intuitive description of computational action.
When an object moves from point A to point B in space,
which of the many possible paths will it take? The laws
of motion in Newtonian mechanics provide an answer to
this question. There is an alternative way of capturing
the characteristics of this' motion. In Physics, action is
defined as the path integral of kinetic energy minus po-
tential energy. The principle of least action states that
the object will take a path that minimizes action. It can
be shown that in the absence of any frictional forces, the
principle of least action encapsulates the laws of Newto-
nian mechanics. A similar notion of action can also be
defined for quantum mechanics. An interesting question
is whether some VLSI computation attribute can serve
the role of computational action in characterizing optimal
VLSI computations? In Section 3 we propose a commu-
nication switching energy based candidate for computa-
tional action. Section 4 closes the paper with some con-
clusions and open questions.

2 Background and Model
VLSI Model

The model of VLSI computation is essentially the same
as the one described by Thompson [Tho79]. A compu-
tation is abstracted as a communication graph. A com-
munication graph is very much like a flow graph with the
primitives being some basic operators that are realizable
as electrical devices. Two communicating nodes are ad-
jacent in this graph. A layout can be viewed as a convex
embedding of the communication graph in a Cartesian
grid. Each grid point can either have a processor or a
wire passing through. A wire cannot go through a grid



point with a processor unless it is a terminal of the pro-
cessor at that grid point. The number of layers is limited
to some constant 4. Thus both the fanin and fanout are
bounded by 4. Wires have unit width and bandwidth
and processors have unit area. The initial data values are
localized to some constant area, to preclude an encoding
of the results. The input words are read at the desig-
nated nodes called input ports. The input is synchronous
and each input bit is available only once. The input and
output conventions are where-determinate (the locations
of input/output ports are pre-designated) but need not
be when-determinate (the times when input/output data
become valid can be determined by the input value).

The following is an enhancement of this model to ac-
count for energy, taken from Tyagi [Tya88] and Kissin
[Kis82]. We assume that whenever a wire of length I
changes state, it consumes ©(l) switching energy. This
has the following justification. Let u be the unit switch-
ing energy that is required to switch a wire of unit length.
Almost all of this energy is dissipated in the resistance
of the transistor switching the wire. Let us analyze the
amount of switching energy required to change the state
of a wire with length I, width w and capacitance C. This
transition involves transfer of charge equal to CV through
a potential difference of V. The energy required to do this
is CV? /2. The capacitance C of the wire equals -‘34, where
€ is the permittivity of the dioxide, A = w! is the area
of the wire, and d is the depth of the dioxide. Then the
switching energy is CV? /2 = 125‘—53 1. In a typical layout
design, the widths of all the wires are within a constant
factor of the minimum metal width for a process. For a
given process, d and e are constant. The supply voltage
V, currently is in the range 3-5 Volts and is not expected
to be lowered significantly in order for a chip to remain
noise-immune. Thus dioxide depth d, wire width w, per-
mittivity € and the supply voltage V can all be absorbed
into a proportionality constant permitting us to conclude
that the energy needed to switch a wire of length 1 is ©(1).

For the lower bound arguments, we do not account for
the switching energy consumed by the processors. In the
upper bound case, the computations performed by a pro-
cessing node are assumed to be primitive, i.e. these gates
have constant fanin (44). Their switching energy is at
most a small constant (4v) times the output wire switch-
ing energy. Hence the wire switching energy also consti-
tutes an upper bound within a constant factor. Note that
this assumes that the circuit is well-designed to the extent
that no race conditions exist, which can increase the en-
ergy consumption exponentially over a well-designed cir-
cuit.

For lack of space we will only give an informal defi-
nition for switching energy. We distinguish between the
combinational and sequential cases, which determines the
upper bound on the number of times a wire can switch
for each input instance. When a wire can switch at most
once, we refer to it as uniswitch model (USM), which cor-
responds to combinational circuit. When there is no such
upper bound on the amount of switching per wire, we are
dealing with multiswitch model (MSM).

Let the wire switching energy Ew(C,s,f) be the
switching energy consumed by the wires when the input #
is applied to a circuit C with the set of wires W in state s.
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Then Ew(C, s, &) is given by u ijew k; x length(w;),
where u is the unit switching energy and wire w; switches

k; times. Note that all the following definitions apply to
both USM and MSM.

Definition 1 The worst case energy consumption for a
circuit C, Ey(C), is defined to be mez, 2Ew(C,s,T),
where the mazimum is taken over all (state, input vec-
tor) pairs. ‘

The average case emergy consumption is defined in a
similar way. It is the average of switching energy con-
sumed for all possible initial state, next input vector com-
binations.

Definition 2 The average case energy consumption for a
circust C is defined to be ils energy consumption averaged
over all initial states and all input vectors. Thus E,(C) =
E.,g Ew(C,s,%)/(|Si| |I1), where S; is the set of initial

states and I is the set of input vectors.

Background

We describe some relevant concepts in this section.
Information Complexity:

We first introduce the notion of information complexity
of a function f(znZn-1...21) = Ymym—1...31. Let
Cy = (V,W) be a circuit to compute f. Consider a par-
tition 7 = {1rL = {®iy, Tizy - Tiram b

R = {z;,, 2jy, ... a:,'l”/,}}} that divides the set of input
bits into two equal-sized sets. The chip Cy can possibly be
partitioned in such a way that one partition contains the
input ports corresponding to x* and the other one con-
tains the input ports for #®. Let I(f,C;,x, %, n) be the
number of bits that need to be exchanged between z* and
x® when the input bits are assigned values according to
Z € {0,1}". Note that I{f,Cy, x, £, n) is oo for all the par-
titions 7 that cannot be realized in the chip Cy. The infor-
mation complexity of f, I(f,n), is the minimum number
of bits exchanged between any two almost equal-sized par-
titions of the input bits over all implementations, which is
minc, minren, maxz I(f,Cy, 7, £, n). I, is the set of all
approximately equal sized partitions of n bits such that
each set in the partition contains at least n/c bits for
a constant ¢ > 1. We will use I to denote I(f,n) in the
following, whenever the function f is implicit. Many tech-
niques were developed to derive lower bounds on I(f,n)
for specific functions [[AA80], [AUY83], [BK80], [JK84],
[LS81), [MS82], {PS84], [Tho79], [Yao79]]. A particu-
larly interesting class of functions: transitive functions,
was introduced by Vuillemin {Vui83]. A transitive func-
tion embeds a transitive permutation group computation.
Some examples of transitive functions include shifting, in-
teger multiplication and linear transforms. Vuillemin also
showed that I(f,n) for a transitive function is £2(n).

Spatial Entropy:

Spatial entropy is a concept introduced by Mead [[MC80},
pages 366-370]. He argues that logical entropy quantized
by the log of number of decisions needed for a computa-
tion (equivalent to depth of a circuit) is only part of the
story. A physical system to implement the computation



also has to deal with spatial entropy, entropy of data be-
ing in the wrong place. It costs physical resources in area,
energy and time to move data around before logical gates
can operate to reduce the logical entropy of the computing
system. To quote Mead:

“ In any physical system, the logical entropy
treated by classical complezity theory is only
part of the story. There is also a spatial entropy
associated with a computation. Spatial entropy
may be thought of as a measure of data being
in the wrong place, just as logical entropy is a
measure of data being in the wrong form. Data
communications are used to remove spatial en-
tropy, just as logical operations are used to re-
move logical entropy.”

The logic gates remove the logical entropy, while the
wires in the circuit remove the spatial entropy. We quan-
tized the notion of spatial entropy (see Rajgopal [Raj92]
for more details) as follows. Recall that entropy of a
probability distribution {p;} s.t. Yo pi = 1, H(P) =
E::ol pilog (%), measures the information (# of bits)
in the event. If p¢ and py are the probabilities (fre-
quency) of a wire w in a combinational circuit being in
the state 0 and 1 respectively then the information trans-
mitted on w is H(w) = p§ log ;1;; + pY log (;137) Let
the length of wire w be l(w). A quantitative measure of
spatial entropy of a circuit C containing wires W then
is 3 ew H(w)l(w), ie., total information-distance
product. Note that the 1-probability of a wire w, py’ de-
pends on the input assignment and hence let Sz(C) refer
to the spatial entropy of a circuit C on the input assign-
ment . The average case spatial entropy is the average

s
of Sz over all the 2" input assignments, &g’%}”—’.

Note that a more general definition of spatial entropy
can charge cost f(l) for sending one bit of information
through a distance ! for some function f. The definition
we have provided uses an identity function f(z) = z. This
definition makes spatial entropy equivalent to switching
energy for a CMOS like VLSI model, where energy cost
is linear in the length of the wire. As we have shown
[Tya89], transmission of k information bits causes £2(k)
switching. Hence the switching energy contribution for
this transmission is @(kl). However its spatial entropy
contribution is also kl.

3 Computational Action

In this section, we define computational action and pro-
pose a principle of least computational action. The intent
is to keep it in the form of action from Newtonian mechan-
ics. Note that the action attributes are characteristics of
how information is gained in the circuit embedding within
the geometric constraints of 2-dimensions.

Spatial entropy is going to serve the role of kinetic en-
ergy and distance in the following sense. Let se(t) and
se(t + 1) be the spatial entropy of the computation at
time ¢ and ¢ + 1. Then the information traveled distance
se(t + 1) — se(?) in one time unit giving rise to informa-
tion velocity se(t + 1) — se(t). se(t + 1) — se(t) is also
the energy needed for this information gain. This will
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Figure 1: A Barrel Shifter

be the action component corresponding to kinetic energy.
We say that a conservative information force is present
when the following is true. Let us say that the wire car-
rying the information at time ¢ has length I. Note that
we are assuming that the wire lengths are small enough
that they can be charged or discharged within one clock
cycle. The situation changes if we go to a delay model lin-
ear or quadratic in wire length. The wire of length.! can
represent up to log ! information since the packet of infor-
mation sent from one end could be in any of the [ discrete
positions. This corresponds to how far has the voltage
profile propagated in a CMOS wire. Only k bits of in-
formation about the problem might have been gained by
this charge transfer of potential information logl. We say
that there is an information force equivalent to k¥ — log lin
this situation. If there were m wires active between time
t and t+1 then the potential energy is mk — log ! assum-
ing similar wire lengths for all of them. Rationale behind
this decision is that this much energy can be gained in
the reverse phase of a reversible computation. Note that
the force is present only if one end of the active wire was
not occupied by valid information. If both ends of a wire
have valid data, it is considered as a single information
object with larger mass. Now the computational action

can be defined as E;‘;o A¢se — potential energy,. The
principle of least computational action states that given
certain amount of time T and logical entropy of the prob-
lem, a circuit that minimizes computational action is an
optimal circuit.

Let us illustrate this principle with examples of shifter
designs. We first describe 3 designs for a shifter.

barrel shifter: An n-bit barrel shifter with log n stages
is shown in Figure 1. The first stage wires are as-
sumed to have length n/2, the second stage wires
have length n/4 and in general the ith stage wires,
for 1 < i < logn, have length n/2°. Then the total

spatial entropy and energy of this shifter is & n?.

square shifter: A square shifter is a snaked-around ver-
sion of the linear chain of shift registers, as de-
scribed in Ullman [[UL84], page 69] and illustrated
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Figure 2: A Square Shifter

in Figure 2. The n bits to be shifted are stored
along a +/n X \/n array. The rows are numbered
bottom-up from 1 to 4/n and columns left-right
from 1 to v/n. The least significant input bit z,
is stored at (1,1) position, z.7 at (v7n,1), T 541
at (1,2), and z, at (v/n,+/n). The first half con-
trol bits ciogn ... C(log nys2+1 specify the horizontal
shift amount and the least significant half bits spec-
ify the vertical shift amount. It takes area +/n x \/n
and time O(y/n). This is also a sequential circuit.
The expected vertical and horizontal shift amount
is y/n/2. Each horizontal and vertical wire carries
A/n/2 bits of information during shifting. Assuming
all the wire lengths to be 1, the total spatial entropy
and energy of this shifter is n®/2.

hybrid barrel-square shifter: We can design a hybrid
shifter which is ET optimal and works in time 3 log n.
The n input bits are present in a logn x n/logn ar-
ray initially which is connected along both rows and
columns (similar to square-shifter). The horizontal
shift between any of the log n columns corresponds to
a shift by n/log n bits. Hence top log log n stages of
barrel shifter can be accounted for by decoding MSB
log log n bits of shift amount and moving the data in
the array along that many columns. This takes time
log » and energy nlog n. This array is connected to a
n/log n X n/log n barrel shifter. Each column of ar-
ray is shifted into barrel shifter (which is pipelined)
in turn and the whole shifting is done in time 3 log n.
The energy cost for barrel shifter is n?/log n leading
to total energy and spatial entropy n°/log n.

Consider the principle of least computational action as
applied to the barrel shifter (in Figure 1). Let us compute
Agse. At time ¢, se(t) is given by n?/2°. Hence A,se is
n?/2!1?, In a barrel shifter since data moves in a wave,
at time ¢ data is traversing the wires in stage t+1 for 0 <
t < log n. Hence there are many unoccupied nodes in this
circuit at any given time. This gives rise to information
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force. At time t, the wires are of length n/2*!. Each
stage removes logical entropy equal to one bit. Hence the
information forceis 1 —logn + t+ 1 = t+2—logn. There
are n active wires at any given time (this is analogous
to information mass) leading to potential energy n(t +
2 —log n). The computational action for a barrel shifter

is W81 p2 /9441 _ (¢ 4 2 — log ) which is mz—g:ﬂl +

t=0
l’%‘h. Accomplishing barrel shift with fanin 2 gates
in logn time cannot be done without information force.
A circuit with information force is not ET optimal as it
adds a positive value to the computational action. We
will justify these statement in a while.

Now let us consider the square shifter. It gains n in
se for each time unit and there is no information force
since each node in the circuit is occupied all the time. All
the n nodes containing valid data act as a single object
of mass n. Hence its computational action is Z,‘fo'l
which is n®/2. The hybrid shifter is an example of a barrel
shifter which works fast (3logn) and yet does not have
information force for most time units. The computational
action for the first log n time units (when computation
is limited to the array) is nlogn. Once the n/log n-bit
barrel shifter startes getting filled at time log n + 1, there
exists a decreasing force until time 2log n which increases
again as the shifter is emptied between time 2logn + 1
and 3logn.

An interesting observation that can be made from the
form of principle of least computational action is that
when there is no information force, a circuit that cov-
ers spatial entropy at a uniform rate (uniform power dis-
sipation) is the optimal one. This is because then the
computational action reduces to the sum of spatial en-
tropy gained at each time unit. Geometrically, the wires
to remove spatial entropy are built in the circuit. A cir-
cuit that removes different amounts of spatial entropy at
different time units must have some unused wires which
will give rise to information force. Hence the power dis-
sipation must be at a uniform rate. Note that the square
shifter has a uniform power consumption proportional to
n and the hybrid shifter also has almost uniform power
consumption of n?/logn. They are both ET optimal as
well.

Can we prove that a circuit that minimizes computa-
tional action is indeed ET optimal? Note that the first
term (kinetic energy) adds up to total energy (spatial en-
tropy) of the circuit. If a circuit minimizes this term for a
computation over time T, then it must also be minimizing
the ET product for that function. The presence of infor-
mation force only increases computational action. Hence
unless the wires are short (preferably unit length wires
to gain unit information), computational action tends to
increase. Note that in two dimensional space, a node can
communicate with a constant number of neighbors. How-
ever, if we wish to lower the time of computation we need
to propagate information fast along long wires. This is
the problem with barrel shifter. We will provide details
of space constrained communication lower bounds in the
detailed version of this paper.

The ET lower bounds derived in Tyagi {Tya89] provide
a lower bound on computational action as well. In partic-
ular, a function with information complexity I will have



an energy lower bound of I*/2 and ET lower bound of I°.
If the circuit is combinational (USM), it implies that an
information force ought to exist. The lower bounds for
such computations are I° for both E and ET.

4 Conclusions

The objective of this paper was to be able to capture the
global AT? and ET optimality with a statement about
how certain circuit attribute (called computational ac-
tion) relates between two consecutive time units. We pro-
posed one definition for computational action and a cor-
responding principle of least computational action. We
believe that circuits satisfying the principle of least com-
putational action are also ET optimal. This work is still
in progress and hence the results reported are preliminary.

Suresh Rajgopal and I are also working on a similar
notion of action in the domain of Boolean cube repre-
sentation of a Boolean function. We hope to be able to
develop a principle of least computational action based on
an attribute on the on-set and off-set distribution. Some
preliminary work along these lines is reported in Rajgopal
[Raj92].
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