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Abstract

The historical search for the fundamen-
tal meaning of thermodynamic entropy lead
to the discovery of the connection between
entropy and information aboul microscopic
dynamics, which in turn motivated the de-
velopment of the theory of information in
commaunications. In this paper I will review
how information theory can profitably be ap-
plied back to its roots in dynamics in order
to characterize the essential properties of a
measured time sertes.

Entropy was introduced in the familiar modern
form (dS = 6Q/T) by Clausius in 1854, building on
work by Carnot (1824) and Kelvin (~1850) to under-
stand the nature of heat and irreversability in ther-
modynamic systems.!»? Boltzmann was dedicated to
understanding the microscopic meaning of this macro-
scopic entropy; influenced by Maxwell’s kinetic the-
ory of gases (~1860) he introduced the relationship
H = [ f(r,p,t)log f(r,p,t)d*rd®p (where [ is the
velocity distribution in a gas) in 1872, and then the
more general form S = klog W (where W is the num-
ber of available states) around 1877.

In 1871 Maxwell created his demon,® which ap-
peared to violate the second law of thermodynamics
by intelligent action. Szilard, in 1929, made the sig-
nificant step of considering a one-molecule gas that
could be on either side of a partition; this introduc-
ing the idea of a binary bit of information (which
side of the partition the molecule is in) and of us-
ing entropy to measure information.* Although Szi-
lard missed the crucial role of erase in explaining the
demon’s (mis)behavior (this was first recognized by
Landauer®), he had laid the foundation for the de-
velopment of both reversible computation® and of in-
formation theory.” In 1948 Shannon applied entropy
to measure the information content in an arbitrary
message, independent of its physical origin, and was
thereby able to solve significant outstanding commu-
nications problems such as the maximumrate at which
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a message can be sent through a channel. Information
theory has since flourished in engineering practice.®

The study of ergodic systems has both benefited
from, and contributed to, information theory.® More
recently, Shaw pointed out the connection between
information and dissipative dynamics,!® and Fraser
extended this to develop a framework that [ will de-
scribe here for characterizing the structure in time
series produced by non-linear systems.!! Although a
dynamical system’s global structure can perform non-
trivial computations,’?:'3 analyzing the information
evolution associated with the much simpler local be-
havior is sufficient to answer deep questions about
the complexity and predictability of a system. In this
paper 1 will will explain how to understand and mea-
sure such information. As well as being quite useful in
practice, this application of information theory back
to its roots in dynamics provides a simple but clear
example of the physical meaning of information.!*

Assume that a physical system is described by a
state vector £ and governing equations dZ/dt = f(Z)
(or 41 = f(Z5)). This need not imply that the sys-
tem is finite-dimensional; the underlying governing
equations may be infinite-dimensional partial differ-
ential equations which reduce to a finite-dimensional
mode expansion due to dissipation. Let y(&(t)) be
a scalar experimentally-accessible quantity that is a
function of the state of the system (such as the tem-
perature or velocity at a point in a fluid convection
cell, or the concentration of a particular species in a
chemical reaction). The goal is to learn as much as
possible about the underlying system given only the
time series y(t). The necessary connection between
the observed time series and its physical origin is pro-
vided by state-space reconstruction.'®~!® Construct
a new vector out of lagged copies of the observable
Zy = (Y1,Yt=r,- -, Y1—(d-1)r), Where the time lag 7
and the dimension d are parameters that will be dis-
cussed shortly. If d is large enough, then for almost
any choice of the governing equations f, the observ-
able y(Z), and the time delay 7, the motion of the



vector z; will differ from the underlying state vec-
tor &; by no more than a smooth invertible change
of coordinates (it is an embedding). If the system’s
dynamics lie on a D-dimensional manifold, then de-
pending on the complexity of its geometry the number
of lags d needed for an embedding will be between D
and 2D. Global topological properties (such as the
linking of trajectories) as well as local ones (such the
rate of divergence of trajectories) are preserved under
an embedding, meaning that questions about the un-
derlying system that can be asked in terms of these
invariants can be answered by analyzing the embed-
ded data. I will demonstrate this with a few very
simple numerical examples; reference [19] describes
the application to a range of experimental data sets,
and references [20] and [21] are more general review
articles that include details about the results to be
cited here.

Assume that the time series has been digitized to
lie between 1 and N: y(t) € {1,..., N}, and estimate
the probability of seeing a particular value of the ob-
servable as the number of times that it is measured di-
vided by the total number of samples: p;(y) = ny/nr.
The entropy of this distribution,

N

Hi(N) == "pi(»)logo ;m(y) (1)

y=1
measures the average number of bits needed to de-
scribe one of the samples. The probability of seeing a
point in the embedding space Z = (%, ..., ¥—(d-1)r)
is estimated from the joint probability to see this se-
quence: p(2) = nz/nr = pa(yt,...,Yt—(d-1)r), and
since successive embedded vectors differ by a shift of
the coordinates by one place with a new value added
at the end, the probability for seeing a particular
sequence of embedded vectors will be p(Z, z:—+,. . .,
Zi-(D=1)r) = Pa+D(Yt,-- -, Yt—(d+D-1)r)- The joint,
or block, entropy of such a sequence for a particular
choice of the resolution N, embedding dimension d,
and delay 7 is

N N
Hor,N)y==3% - > pal#)log,pa(%)

ye=t :‘/t—-(d—l)r:1
(2)

This measures the average number of bits needed to
describe the sequence. The mutual information be-
tween two lagged variables is 2H,(7, N) — Ho(7,N);
this is equal to the average number of bits that one
sample provides about the other. This can be gen-
eralized to higher dimensions either by I4(7,N) =
dH(7,N) — Hy(r,N) or by Ry4(r,N) = Hy(r,N) +
Hg-1(r,N)=Hy(r,N). The redundancy Ry is simply
related to the mutual information by Rg = Ig— I4_1;
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it is equal to the extra information added by a new
sample. The dependence of the redundancy on the
parameters d, 7, and N will provide the desired char-
acterization of the time series.

If successive samples are uncorrelated so that
the distribution factors (pa(ye, y1—r, ..., Yt—(d~1)r) =
P1(y)P1{ti—+) . - -P1(y1—(a-1)r)) then the joint entropy
Hy(r,N) = dH{(N) and therefore R4(r, N) = 0. On
the other hand, if the signal comes from a determin-
istic system, then once d is large enough to embed
the data further samples will not change the distribu-
tion: (pa(vs, - - -, Ye—(d-1)r) = Pa—1(Yt, - - -, Ye—(d—2)r))
and so R4(r, N) = Hi(N). The value of d at which
the redundancy becomes non-zero is the minimum di-
mension for which the dynamics can be embedded (if
there is one).

The N dependence can be understood in the con-
text of the generalized dimensions of the probability
distribution
1 logy ) s pa(%)?

D= i o, ¥
- 2.5 pd(&)lo Z
lmD, = h 2.z, pa(#) logy pa(Z:) 3)
g—1 —00 10g2 N
H N
Dy = d(T’ )

Nl—r»noo logzN

The generalized dimensions will equal the topologi-
cal dimension for simple objects (1 for a line, 2 for
a surface, ...}, and will be non-integer for a fractal
distribution; the variation with ¢ measures how sin-
gular the distribution is. D; is called the information
dimension, and is the scaling of the entropy with res-
olution. The smallest integer larger than a measured
dimension is the number of local direction available
in the system’s state-space, and is therefore equal to
the number of degrees of freedom necessary to specify
the state of the system. If d is below the minimum
embedding dimension then the measured dimension
will roughly equal the embedding dimension and so
the redundancy will vanish; once d is large enough
the redundancy will grow with NV as Dylog N.

The 7 dependence is related to the source, or
Kolmogorov-Sinai, entropy of the signal:

h(r,N)=IJ£{r;od£rng(r,N)—Hd_1(r,N) . (@)

The source entropy measures the asymptotic rate of
increase of information with block size, and is inti-
mately connected with the local dynamics of the sys-
tem. The eigenvalues {);} of the local linearization
of the dynamics 8f/8% averaged over the system’s
trajectory are called the Lyapunov exponents, and if



an initial d-ball of trajectories is followed the Lya-
punov exponents are equal to the exponential rate of
growth (or contraction) of the principal axes. Since
the data is being quantized, the divergence associ-
ated with positive exponents will reveal information
that was not known in the initial conditions. The
number of distinguishable states will be proportional
to the growth rate of the volume V(r), and the in-
formation produced by this growth will be the loga-
rithm of the volume: log V(r) = logIl; exp(Af7) =
73; A} (where the sum runs over the positive expo-
nents). This motivates Pesin’s identity:2° the source
entropy for a deterministic system is equal to the
sum of the positive Lyapunov exponents, and will
be proportional to the delay time T for small delays:
h(r) = 7h(1) = 75°;A\}. The source entropy will
reach its asymptotic value once d equals the minimum
embedding dimension and the resolution is sufficiently
fine to produce a generating partition.!1:2% There-
fore, if the dynamics are deterministic, then once d
and N are large enough the redundancy will fall off
with 7 proportional to the source entropy Rg(7,N) =
Hi(N) — 7h(1). The source entropy can be no larger
than the scalar entropy H1(N), and so if v can be
made so large that successive samples become uncor-
related due to external noise in the system then the
redundancy will vanish.

This completes the characterization of a system
by the redundancy: (1) for 7 = 0 its dependence on
N gives the resolution of the observable, (2) as d is
increased, if the redundancy becomes non-zero and
if its growth in N becomes independent of d then
finite-dimensional dynamics have been recovered by
embedding, (3) the decay of the redundancy for small
T measures the source entropy, which will be equal
to the sum of the positive Lyapunov exponents for
deterministic dynamics, and (4) the 7 for which the
redundancy falls to the noise floor gives the limit of
the predictability of the dynamics for that resolution.

I will demonstrate redundancy calculation with
four simple examples: (1) uncorrelated uniform ran-
dom numbers, (2) the quasiperiodic sum of three in-
commensurate frequencies z,, = sin(n) + sin(\/§n) +
sin(v/3n), (3) the one-dimensional logistic map ZTni1
= Azn(l—2,) with A = 4, and (4) the two-dimensional
Henon map 2,41 = yn + 1 — azl,y,q1 = bz, with
a =14 and b = 0.3. Figure 1 shows the complicated
time series for these examples, and Figure 2 shows
the power spectra; only the quasiperiodic data is pro-
duced by a linear system and hence only its spectra
provides a meaningful characterization of the system.
Figure 3 plots the redundancy as a function of the
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resolution and the time delay, for embedding dimen-
sions from 1 to 5 using 10° point time series from these
sources (the redundancy has been normalized by the
scalar entropy H1(N) so that it will be between 0 and
1). For the random data there is no deterministic
structure at any resolution, time scale, or embedding
dimension, other than the small deviation due to finite
sample size. All of the information in the logistic map
can be retrieved with just one time delay (because it
is a one-dimensional map), and the rapid decay of the
entropy indicates a positive Lyapunov exponent. The
plot for the Henon map shows that it needs an extra
time delay to be embedded, and that the sum of the
positive exponents is smaller. For the quasiperiodic
data, once the embedding dimension is large enough
there is oscillatory structure as 7 is increased because
the embedded data will occupy a varying number of
observable states as T moves relative to the natural
frequencies of the system, and there is no long-term
decay in the redundancy because this system has no
positive exponents.

The probability distributions pg that are neces-
sary to calculate the entropy require sorting the data
to count how many times particular sequences of sam-
ples occur. Although general sorting requires N log N
steps (where N is the number of data points), because
the resolution of the data is known in advance it is
possible to sort the data with an algorithm that re-
quires only order N steps. First, the successive sam-
ples making up an embedded vector are appended to
make one long number (Z = (12, 3,14) — 120314))
and these large numbers will be sorted (this is called
a lexicographic sort). Because the number of bits
in these numbers is known in advance, they can be
sorted without any comparisons by entering them into
a binary tree based on their bit sequence (this a varia-
tion of a bin sort), and the probabilities for successive
embedding dimensions may then be read off the ap-
propriate rows of the tree (this is shown in Figure 4).
In building this tree pointers are allocated only for oc-
cupied nodes so that the storage requirement reflects
the actual occupancy of the tree and will usually grow
much slower than the number of data points. There
is a penalty for this efficiency: the number of samples
in different bins may be quite different, meaning that
the errors in the probability estimate will vary, which
in turn will bias the entropy estimate; algorithm such
as k-D trees may be used to have bins with constant
occupancy but they sacrifice the ability to incremen-
tally add new samples with a fixed computational cost
per sample.??

I have briefly reviewed how the early study of dy-
namics lead to the association between entropy and



information, and ultimately to the discovery of in-
formation theory, and how information theory (forti-
fied with state-space reconstruction) can be applied
back to characterize dynamical systems. Such mea-
surements make no assumption about the linearity
of the system, and hence should have an important
place next to spectrum analysis as part of the stan-
dard repertoire of techniques used for characterizing
measured signals.
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Figure 2: Power spectra for the four test cases
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Figure 3: Redundancy analyses for the four test cases P2=(1/3, 2/3)
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Figure 4: O(N) sorting on a binary tree
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