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Abstract

Can the mathematical siructure of quantum statis-
tical mechanics be adapied to statistical inference - the
human problem of reasoning from incomplete and un-
certain data? A unified theory of quantum statistical
mechanics and Bayesian statistical inference is pro-
posed to address ill-posed inverse problems, in which
the goal is inference of a continuous density function.
The relative information measure is a combination of
Von Neumann entropy and Fisher information, with
the balance set by a local smoothing hyperparameter,
The classical limit is Kullback-Licbler cross entropy.
There is no global smoothing parameter. An oplimal
itmage is estimated along with statistical and incom-
pleteness errors. QSI yields significantly better im-
ages than the mazimum entropy method, because it
accounts ezplicitly for image continuity.

1 Introduction

The hypothesis that principles of reasoning may be
related to principles of physics is a possibility so im-
portant and tantalizing that it should be thoroughly
explored. The Physics of Computation Workshop ex-
amined the intersect between physics, information the-
ory and statistics concepts. Such cross-fertilization
could be very stimulating for all three disciplines.
Many relations are already known, such as the fun-
damental role of entropy in both information theory
and statistical mechanics. A more recently proposed
relation [1, 2] is between the Schrddinger equation of
quantum mechanics and a variational principle [3] on
Fisher information. This functional was originally in-
troduced [4] as a measure of inverse uncertainty of
a position parameter determined by maximum like-
lihood statistical estimation. It is remarkable that
Fisher information is related to entropy in the same
manner as surfaces to volumes of sets {5]. This paper
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adapts such relations to provide a novel technique for
statistical inference [6].

The inference of a density function from incomplete
and uncertain data is a common statistics problem.
Examples include image reconstruction, density func-
tion estimation (sampling), interpolation, etc. These
are ill-posed inverse problems; they have no unique so-
lution. Of many approaches in the statistics and ap-
plications literature [7, 8, 9], the most successful have
used Bayesian statistical inference (see, e.g., [10]).
Data are systematically combined with available prior
knowledge to restrict the hypothesis space. Outputs
of Bayesian calculations are probabilities, in the sense
of degree-of-belief, assigned to possible density func-
tions which are consistent with data. Probabilities
are conditional on the prior knowledge assumed. The
most probable density function is usually presented
as the image. Both statistical and incompleteness er-
rors on the image may also be estimated. A subset of
non-parametric Bayesian inference is statistical regu-
larization (or penalized likelihood). Prior knowledge
is incorporated in a regularization functional which is
maximized, subject to constraints of data.

The non-parametric approach closest to informa-
tion theory is the maximum entropy method (ME)
[11]. The regularization functional is the (Kullback-
Liebler or Shannon-Jaynes) cross entropy of the den-
sity function defined relative to a default model. ME
applies only a global smoothing constraint [7], which
maximizes cross entropy. It may be justified by a re-
quirement (see, e.g., [12]) of no prior covariance be-
tween points in an image. It often yields excellent so-
lutions to diverse inverse problems. However, in many
cases ME images exhibit spurious artifacts and overly
sharp structure [13]; nor does ME work for problems
in which local smoothing is critical such as interpola~
tion and density function estimation. To correct such
deficiencies, developers {13] of the leading ME code
have incorporated local smoothing in the form of a
user-chosen intrinsic correlation function blurring of a



hidden ME image. This approach has been a success-
ful way to improve image quality in many cases. But
their approach is open to several criticisms: choice of
the intrinsic correlation function is ad hoc; negative
cross entropy as an information measure is insensitive
to local smoothness; there is no metric in the space
of observations; there is an ad hoc global smoothing
parameter, etc.

A far more intriguing approach to local smooth-
ing is suggested by the close mathematical analogy
between ME and classical statistical mechanics. In
turn, classical statistical mechanics is a well-defined
limit of the more general theory of quantum statisti-
cal mechanics (see, e.g., [14]). It has been developed
to provide a probabilistic description of physical phe-
nomena on the microscopic scale of atoms and nuclei.
Quantum statistical mechanics can be derived from
a maximum entropy principle [11, 14], provided the
concept of a density function is generalized to a den-
sity matriz and Shannon entropy is generalized to Von
Neumann entropy. Diagonal elements of the density
matrix correspond to a density function, which are
smoother than classical density functions for the same
constraints. Off-diagonal elements correspond to un-
certainty in position. Quantum statistical mechanics
may be Nature’s choice for a probability theory, be-
cause it has been empirically validated to many orders
of magnitude accuracy in diverse physical systems.

Neither quantum mechanics nor statistical me-
chanics have been successfully formulated as abstract
mathematics, despite many notable efforts. Instead,
they are usually regarded as a set of empirically de-
rived ‘cookbook rules’ that, nevertheless, always work.
For physical problems there is no uncertainty about
principles for making practical predictions, and accu-
racy is limited only by calculational ability. Continu-
ing controversy about the interpretation of quantum
theory is not due to any empirical failure; it is due to
the counterintuitive nature of quantum concepts and
the paucity of mathematical foundations.

Is there something to learn about probability theory
from quantum mechanics? Is the empirical success of
quantum theory a big clue to more eflicient principles
of statistical inference? With these hopes, this paper
adapts the mathematical structure of quantum statis-
tical mechanics, such as it is, to statistics. The math-
ematical constructs are motivated by analogy to an
extremely successful physical probability theory. The
result, Quantum Statistical Inference(QSI), should be
a useful addition to statistical methodology. In addi-
tion, this effort may encourage a fruitful exchange of
ideas between statistics, physics and information the-
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ory.

This paper presents the theory of QSI in statistics
language. Sec. 2 describes the quantum representa-
tion of a density function. Sec. 3 presents the method
for solving ill-posed inverse problems in a Bayesian
framework. Sec. 4 presents applications to interpola-
tion and deconvolution. Physics language is avoided
until Sec. 5, where the physical origins of QSI are
identified. Sec. 6 concludes.

2 Quantum Density Functions

Consider a density function f(z) defined in the
domain 0 < z < 1 which satisfies f(z) > 0 and
fol dzf(z) = 1. It is to be inferred from a calculus
of variations problem: minimize Fisher information
subject to data constraints. Such a penalized likeli-
hood method for local smoothing has been previously
explored in the statistics literature (e.g., (7], p. 150;
[9], p. 110), but the implementation in QSI will be
quite different.

The variational problem is to minimize

T e ()

+/0 dauU(:c)f(fc)--E/0 dzf(z)

(1)

The first term is Fisher information with Lagrange
multiplier yv2/4. Use of a differential operator en-
sures the density function is locally smooth. The sec-
ond term represents linear Lagrange constraints U(z)
due to data. For example, if constraints are a set
of £(R:) = fol deR(z)f(z), then choose U(z) =
Y. Ak Ri(z) where A are Lagrange multipliers. The
third term is a normalization constraint with Lagrange
multiplier e.

Define a ‘wave function’ by ¥(z) = £4/f(z). The
Euler-Lagrange equation for (z) is

8Q: d 8Q, B
o9(z)  d= (6(d¢(z)/dw)) =0

The result is a wave equation,

2d T/J(Z)

(2)

+U(2)y(z) = ey(e)

The differential operator on the Lh.s. of Eq. (3) is

(3)

H =Ty + U= —42

552 TU(=)

(4)



Eq. (3) is a special case of a Sturm-Liouville equa-
tion. It is an eigenvalue problem for H with an infi-
nite number of eigenfunctions, ¥»(z), and eigenvalues
€n. Appropriate boundary conditions are defined by
df(x)/dz = 0 at # = 0,1. These conditions are im-
posed by expanding the domain to 0 < = < 2 with
periodic boundary conditions. Set U(2.0 — z) = U(z)
and f(2.0 — z) = f(z). Then f,(z) = y2(z). The
Pn(z) are either symmetric or antisymmetric under
z ¢+ 2.0 — z. Calculus of variations arguments (e.g.
[3], Sec. 12-3) show the lowest eigenfunction, v¥,(z),
to be an absolute minimum of Fisher information. All
other ¥,(z) are minima of Fisher information with
respect to variations orthogonal to other #,(z) with
lower €,. 9,(z) is nodeless. The number of nodes in
¥n() increases with e,. The 9, () satisfy orthogo-
nality relations with inner product,

/0 detn(2)dm(2) = Snm (5)

They also satisfy completeness relations,

Y Yn(eln(z’) = b(z - 2) . (6)

For example, if U(z) = 0, symmetric eigenfunc-
tions ¢x(z) are cos(wma) and antisymmetric ones are
sin(wma) with m’s integer. The lowest eigenfunction
is ¢o(z) = 1/V/2. Eigenvalues are (yrm)2.

Orthogonality and completeness together imply the
eigenfunctions form a Hilbert space. Any eigenfunc-
tion, ¥y (), of Eq. (3) for U(z) # 0 can be expanded
as a linear combination of U(z) = 0 solutions which
defines z-basis functions,

Yn(2) = ) tn,ki(2) (7)
k=0

The matrix u, ; is the unitary transformation which
diagonalizes H. A density function is a linear combi-
nation of eigenfunctions,

f=) =2 wa¥i(e) =2 pradi(2)di(z) . (8)
n k,

Normalization is ), w, = 1. The factor 2 ensures
f01 dzf(z) = 1. The real symmetric matrix (g),; =
Pk,1 is termed the ‘density matrix’. In the z-basis (im-
age space)

pz, ) = pradie(z)di(z) (9)

ki,
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In contrast, previous penalized likelihood methods for
local smoothing in the statistics literature [7] consider
only lowest, 9,(z), solutions of the Fisher information
variational problem. .

Differential operators, O, may be represented by
matrices in the z-basis,

0(e,2) = T au(e) | [ de"ba(")00i(")] 1(2)
’ (10)

For example, the matrix form of ﬁ(:c, z')
U(z)é(z — 2'), and the matrix form for ip(z,2') =
Y. (xm)? cos(xm(z — z')) (although in practice a fi-
nite difference approximation is preferred). Matrix
representations of operators in other bases may be ob-
tained by unitary transformations. For example, Iris
diagonal in the Fourier transform of the z-basis, and
the ¢y (z) are its eigenfunctions. Expectation value of
an operator O is obtained from a trace,

£(0) = Tr{0p} = /0 dz /o dz'O(z,2')p(z, z)

(11)
For example, £(U) = fol dzU(z)f(z).

How does QSI achieve local smoothing? Sup-
pose one took the first 2N ¢i(z) as basis func-
tions. The highest eigenfunction would be ¢an_1(z) =
sin(7Nz)/+/2. Then one could form 2N pixel ba-
sis functions to span the domain 0 < z < 2 by

a unitary transformation. Let pixels be centered at
z; = (j — 0.5)/N. Pixel basis functions are

] Wt

4i(e) = 7R Z ¢r(2)dr(z;) - (12)
These functions are orthonormal, peak at z;, and are
zero at ¢ = z;» for any j' # j. If the sum in the com-
pleteness relation, Eq. (6), is truncated at 2N, the
Dirac delta function is replaced with a peaked function
whose width is proportional to 1/N. Density functions
formed out of a finite number of pixels would have
a finite z-resolution. In essence, QSI achieves local
smoothing by limiting the number of Fourier compo-
nents which can contribute to a density function. In
practice, it is a bad idea to abruptly truncate a Fourier
series in this way because of the Gibbs phenomenon.
Instead, the series is gradually truncated by applying
a constraint on £ (ip), as follows.

The more general variational principle than Eq. (1)
is to maximize the Von Neumann entropy of the den-

sity matrix,
So(p) = —E(lnp) = Zw,. In(wn) |, (13)



subject to any applicable constraints. This expres-
sion is not a cross entropy, because all eigenfunctions
are assigned equal prior probability in accord with the
unitary invariance of Hilbert space. The variational
problem is to solve 6Q3(p)/6p = 0 with

Q:2(p) = So —Y*E(Ir) - £(U) - InZo&(1) . (14)
The Fisher information term imposes local smoothing
with Lagrange multiplier v2. The next term imposes
Lagrange constraints due to data. The normalization
constraint £(1) = 1 has Lagrange multiplier —In Zg.
A maximum, Q2(p) = 0, is obtained for

e—H

Zg = Tr{e‘H} =eF
Zq

o= (15)
This expression defines an exponential family of den-
sity matrices parameterized by U(z) and v. F is a
cumulant generating function, from which all other
quantities of interest can be derived by taking appro-
priate derivatives. For example, in the ‘flat limit’ of
U(z) = 0 these expressions are f(z) = 1, p(z,z") ~
exp(—6z?/4y?) for v < 1, and Zg ~ 1/2v4/7. The
density matrix becomes diagonal for v = 0. For
U(z) # 0 one has f(z) # 1.

A relative information measure (or discrimination
statistic) may be defined between two density matri-
ces in this family. Let Q3(p) stand for Eq. (14) using
default values of U,(z) and -,, and let g, be the de-
fault model density matrix which maximizes it. The
natural quantum information measure for j relative to
Po 18

—Q3(p) = Fo(p) — Folfo) (16)

which measures the misfit of the variational principle,
Eq. (14). Here,

Iq

F(p)=EH,)-Sg ; H,=+1r+0,. (17)
Thus, for U,(z) = 0 information is a simple sum of ex-
pectation values for Fisher information and quantum
negentropy. For U,(z) # 0, H, may be regarded as a
generalized Fisher information because of the identity,

& /Oldx (%?2)2 + /old”Uo(z)wz(z)

' o (¢’
— a2 2 9
= [t |7 (55)] - oo
where w(z) is the lowest eigenfunction for U(z) =

U,(z). As shown in the next section, use of a relative
information measure in QSI ensures global smoothing
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toward a default model representing prior knowledge
of the density function.

An argument for assigning a prior probability can
be developed as follows. Notice eFo(#) = 3~ e~¢n,
so that eigenfunctions for e, < 1 contribute 1 and
those for £, > 1 contribute little. Thus e~“° simply
counts the number of eigenfunctions of H, which can
contribute within constraints. Eq. (16) then says that
a prior probability of the form,

P[.ﬂﬁo;')'o] X exp (_IQ) ) (19)

would be the ratio of the number of contributing eigen-
functions for g compared to g,. This Hilbert space ar-
gument is telling us how to count; a probability should
be proportional to the number of different ways the
system can be realized within constraints. Artificial
insertion of a global smoothing (statistical regular-
ization) hyperparameter multiplying I in Eq. (19)
would raise this number to some ad hoc power, and
would therefore be incorrect. A proportional relation
is used in Eq. (19) because the metric for the space of
f has not yet been defined.

The cumulant generating function F(p) and the in-
formation measure Ig(p) are related by a Legendre
transformation,

Ig = F~Fy(p) ~£(0-0,)~ (¥ ~2)e(lr) . (20)

Application of perturbation theory (e.g., [3], chpt. 10)
shows F to be a natural function of Lagrange multi-
pliers, U(z) and v. I is a natural function of expec-
tation values of operators, f(z') = £(é(z ~ z’)) and
£ (iF) First order infinitesimal variations are

6F = /0.1 dzf(z)6U(z)

1
§Io = /0 do[-U(e) + Uo(@)lof(z) .  (21)

Second order infinitesimal variations are

1 1
§2F = —l/ d:c/ dz'g(z,2")6U(2)6U (') ,
2 Jo 0
1 1 1
621 — Ta—1 ’ ’ .
Q 2/0 dz/o de'g= (2, 2")af(z)0f(e') . (22)

Let &(T) = exp(—ﬁ‘r). The perturbation theory re-
sult for g(z,2') is
1

Zq/; drd(z,z'; T)d(z,2’; 1-7)— f(2)f(z') . (23)

The matrix g is positive semi-definite and real sym-
metric. Then Eq. (22) implies I is a positive convex



function of f(z) which has a minimum of Iy = 0 at
the default model fo(z). Similarly, F is a concave
function of §U(z) = U(z) — U, (z).

For example, in the ‘flat limit’ for U(z) = 0 and

7«1,
) JT (&)
g ) T -} ~1 ,
g(z,z') w7\

2 [3 y?
Iy) = ;/0 df exp [——2sin9]

This function is non-Gaussian, peaked at éz = 0 and
has a 6z-variance equal to v%/3. As v is increased, g
becomes broader. And as v — oo, gz, ') — 0.

Eqgs. (21,22) together imply

(24)

1
§f(z) = — / do's(z, 2 )6U() . (25)
o

Therefore, g(z,2') may also be regarded as a ‘lin-
ear response function’ for changes in f(z) induced by
changes in U(z'). The completeness relation forces
f02 dz'd(z,2;7)d(e,2';1 — 1) = d(z,z;1). By Eq.
(15), f(z) = d(z,2;1)/Zq. Hence, [, da'g(z,z’) = 0.
This property of § ensures variation of U(x) preserves
the normalization of f(z), and a shift of U(z) by a
constant does not change f(z). And det[g] is the Ja-
cobian for transformations of variables between f(z)
and U(z).

The §~!(z,2’) is a Fisher information matrix in the
space of f, which should be clearly distinguished from
Fisher information as introduced [1] in Eq. (1) which
is in the space of z. Eqgs. (19,22) imply the following
uncertainty relations:

Clf(=), £(=")] = &(=,5") ,
ClU(2), U()) =& *(z,2) ,
Clf(z),U(z")] = b(z ~ =) .

Here C[A, B] stands for covariance of A and B. The
equivalence between the linear response function, Eq.
(25), and the covariance for f(z), Eq. (26), is an im-
portant concept. If U(z) is fixed, f(z) is uncertain,
and vice versa. Individual eigenfunctions do not sat-
isfy data constraints, but expectation values involving
sums over eigenfunctions do. At fixed U(z) the most
probable value of f(z) is equal to £(f(z)), which is a
sufficient statistic to determine U(z). The exponential
family of density functions given by Eq. {15) achieves
equality limits of more general uncertainty relations
termed Cramer-Rao inequalities [2, 14] in statistics.
Similar uncertainty relations exist between v? and
ir. In particular, 8¢(Ir)/87? is strictly negative.

(26)
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Therefore, £ (ip) increases as 42 decreases, is maxi-
mal in the ‘classical’ limit of ¥? = 0, and it is zero in
the ‘quantum’ limit of 42 — oo.

The symmetry exhibited in Eqgs. (21,22,26) be-
tween Legendre transform conjugate variables is
known as ‘duality’ [8], and it is satisfied only in the
absence of a global smoothing hyperparameter. Here,
duality is more than just a calculational method for
convex optimization problems, but it is intrinsic to
the theory. More generally, QSI satisfies the frame-
work of information geometry in the statistics liter-
ature [15, 16, 2]. Iy is an ‘information divergence’.
The Fisher information matrix §~! is equivalent to
a ‘Riemann metric’. Use of these differential geome-
try concepts helps to ensure invariance of QSI to the
choice of coordinate system.

The Jeffrey’s prior, or ‘Riemann volume’
v/det[g—1], defines a coordinate-invariant metric for
integration over the space of f" Thus, the prior prob-
ability at fixed ¥ = v, should be:

P[f0,,7] ~ det[g~ ] exp (~I¢)

Use of the symbol is a mathematical warning:
this expression is ill-defined unless the z-basis is dis-
cretized. Even then g has a zero-eigenvalue in order
to preserve the normalization of f(z). However, these
potential difficulties cancel out of all practical applica-
tions of this expression, as shall be shown in the next
section.

To better understand this formulation, it is helpful
to consider the ‘clfxssical limit’ defined by y = v, — 0
and U(z) # 0. H becomes diagonal in the z-basis.
The density matrix g reduces to a diagonal matrix
whose elements are a ME image given by f(z) =
exp(—U(z))/Z. Iy reduces to negative (Kullback-
Liebler or Shannon-Jaynes) cross entropy,

Sg=— /0 "o f(=)ln ( ]{ ((”m))) , (28)

with f,(z) the default model. The g(z, ') reduces to
f(z)6(z—2')— f(2)f(z'). There is no prior covariance
between points in an image, apart from normalization.
Thus, the classical limit is ME. If the z-basis is dis-
cretized into N equal steps with f; = f(z;)/N, then

(27)

~

P[ﬂUn] — —1:[“-————2———‘/_;}_ exp (5(;)6 (1 - Zf,)
i=1 * t

(29)
The zero eigenvalue of g has been removed by the in-
troduction of the é-function. This limit differs some-
what from ‘Classic MaxEnt’ [13], because f(z) is nor-
malized to unity and a statistical regularization (or



global smoothing) hyperparameter is absent. In Cam-
bridge parlance, @ = 1 is known a priori, which elim-
inates controversy about how to determine it. As dis-
cussed in Sec. 4, this ME limit is recommended only
for a restricted set of data analysis problems involving
very sharp, isolated structure in f(z).

What happens in the general case of y = 7, # 0
and fixed U(z) # 0? The v = 0 limit is the ME
image discussed above which has maximum structure
in f(z), maximum Ig, and g(z,2’) a é-function. As
v is increased the image becomes blurred on a length
scale characterized by 7/v/3, I falls, and g becomes
broader. In the ‘quantum limit’ of v — oo, f(z) — 1,
Io —0,and g — 0.

3 Bayesian Statistical Inference

Of the many possible applications for QSI, this pa-
per considers only the class of data analysis problems
of form

1
D, = / de Ry (z)f(z) + N (30)
0
This is the k’th component of a vector equation, where
D are Ny data which are typlcally incomplete, ( )
is an integral transform, and N represents noise.

Consider application of QSI to this ill-posed inverse
problem, with ¥ = v,. Introduce Lagrange multipliers
Ax for each datum,

U(z) = X - R(z) + U(z) (31)
Use of Ny Lagrange multipliers exhausts the number
of free parameters in U(z) which can be determined
uniquely by Ny data. Inserting Eq. (31) into Eq. (15)
deﬁnes a sub-family of density matrices parameterized
by X and 7. From Eq. (21), first order variations are

oF
0Ag

_olg

= E(Ry) BE(R)

-2k (32)

From Eq. (22), second order variations are

8°F
A0

821,

—— = _1 .
AE(R:)OE(Ry) Ki

=Kz, (33)

From Eq. (25), the Fisher information matrix in the
space of observations, £(Ry), is

_ O&(Ry) __ 1 v , ,
K= ————(-9—)“—"— = /c.) dz/.: da’'Re(z)g(z, )RIE;))
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Alternatively K is the Riemann inner product of two
observables R; and R;. It is a real symmetric pos-
itive semi-definite matrix. Analogues of uncertainty
relations, Eq. (26), are

C[Rp, Bi] = Kg,1
C[Re, M) =6k,
ClAe, M =K;1 (35)
where 6 Ri(z) = Rp(z)—E(Ry). The appropriate prior

probability corresponding to Eq. (27) is

Ple(R)[T,, 7] = (36)

1

o de] o 1e)
which is normalized to unit integral over the space of
£ (R) within Gaussian approximations for the integral.
The Jacobian for transformations between integrals
over £(R) and X is /det[K].

Noise on the data is assumed to be normally dis-
tributed with E(N;) = 0 and Cov(NixN;) = 6,02,
The likelihood function is then

- 1 X2
PIBIf = ——exp (——) @)
vV &127"713 2
where
oL D,,— Rk))
Z (38)

Invoking Bayes theorem, the posterior probability
is

P£(R)|D, U,,4] x P[D, Uo,]

= P[D|fl x PIER)[T.,7] (39)
which equals
1 x?
exp | —Ig — &
(2m)Ne \/( ﬁ‘l O'k) det[K] ( 2 )
(40)

Regarding the first factor as a metric, the maximum
a posteriori image is obtained from the minimum of

2

Qs=1Ig + % (41)
The minimum is found for
8Q3 Dy £ (Rk)
= —A =
Ry o2 o2 70 (42)
The second derivative,
8%Qs -1 Or
GERE(R) "t o (8



is strictly positive implying that a unique solution to
Eq. (42) exists. Solutions may be found by a variety of
numerical methods for convex optimization problems.

Denote by sub(super)script ’f’ quantities evaluated
at the solution to Eq. (42). And define a matrix
IC;:,, = K{,,/o‘kal. For typical data analysis prob-
lems, the eigenvalue spectrum of K/ is a very steep
function varying over many orders of magnitude. In-
dependent measurements can be defined as eigenvec-
tors of K, and their quality can be ranked according
to the size of their eigenvalues. Following [13], good
measurements may be defined as eigenvectors whose
eigenvalues are much greater than 1. Data for good
measurements are dominated by signal, so that typi-
cal values of |E(Ri)/ok| > 1. Bad measurements may
be defined as eigenvectors whose eigenvalues are much
less than 1. Data for bad measurements are domi-
nated by noise, so typical values of |£(Rg)/0o%]| < 1.
In other words, QSI fits good data and ignores bad
data as should be expected.

The number of good measurements may be defined
by

Ni=TrK? - (1+KH)7 . (44)
An error scaling consistency argument suggests
X}~ Ng— NS | (45)

so x? for the most probable image is less than the
number of data. An important distinction between
QSI and most other regularization methods [7, 13] is
that no global smoothing (statistical regularization)
parameter enters Eqs. (44). Hence, putting a bound
on N, would place an upper limit on the number of
good measurements in an experiment, at least when
analyzed according to QSI. Numerical experiments
suggest the inequality,

Ny(X#0,7#0) S Ny(X=0,7y=0) .  (46)
If this conjectured relation could be proved, it would
allow initial good measurements to be identified from
eigenvectors of the K(A = 0,v = 0), which can often
be calculated a priorifrom the experimental setup be-
fore any data are acquired. Throwing out initial bad
measurements can dramatically reduce the computa-
tional and data acquisition tasks without affecting re-
sults.

An automatic Bayesian method for determining the
optimal 42 local smoothing hyperparameter is to max-
imize the marginal posterior probability P[D, U,, 7] in
Eq. (39) (or evidence). Integrate Eq. (40) over d€(R)
and use a Gaussian approximation for the integrand

321

around its peak value. Then evidence is
X
2

! exp (-—-Ié -
ey ( ) -
47

¥4, 02 detlic! +1

Behavior of this expression depends on variation of
cigenvalues of K with y. At fixed £(R) eigenvalues
are maximal in the ‘classical limit’ v = 0, decrease
monotonically with increasing v, and go to zero in the
‘quantum limit’ ¥ = oo. Eq. (47) is a product of
two factors. The Jeffrey’s prior, or Riemann volume
factor, o« 1/4/det[Kf + 1], favors the simpler model
of larger v, which means fewer eigenfunctions (Fourier
components) contributing to the image. This factor is,
therefore, equivalent to an Occam factor [19], since it
implements the principle of Occam’s razor. Eq. (43)
implies the date factor, < exp(—Ig — x?/2), favors
the more complex model of smaller y. It is easier
to fit data if f(z) can be sharper. Balance between
these two opposing factors determines the optimal 7,
depending on data.

Estimates of reliability should be as important an
output of a Bayesian calculation as the maximum a
posteriori image. Covariance of the image may be cal-
culated from

11 t fa— 1 ’
8%Qs = -2-/0 dz/; dze'e¢"(z,2")6f(2)é6 f(') ,

(48)
where
Ny ,
¢z 2") =g (e, 2") + Z ——-—-——-————Rk(ziﬁzk(z ) (49)
k=1 k
Define
T4(c) = /0 do'3(z, m')E’;_%Q (50)

Covariance of f(z) is given by

Clf(e), f(2")] = &=, 2") =

A =1 -1 =

8e, o)~ F@)' - (14 &) TG . (s1)
This should be compared to uncertainty relations, Eq.
(26), obtained in absence of data. Good measurements
reduce uncertainty in f(z) as expected. This covari-
ance can be proved to be strictly positive by projection
superoperator methods. For v # 0, Eq. (51) yields a
finite covariance on points of an image, which is an
important distinction between QSI and ME.



Covariances of two observables A(z) and B(z) fol-
low from Eq. (51),

ClA, B] = K[4, B]-K[A,T)1- (1 + k) " K[T, B] ,
(52)
where the Riemann inner product of observables is

K[A,B]E/O dz/o dz'A(z)g(z,z")B(z') . (53)

Insight can be gained by separating covariance into a
sum C[A, B] = Cs[4, B] + Ci[A, B], with statistical
covariance

Cs[4, B] = K[A, Tt (k! + k! - k4) ™ - K[F, B] ,
(54)
and an incompleteness covariance

C1[A, B] = K[4, B]- K[A,T|'- k7 KT, B] . (55)

This distinction makes sense in several respects. If sta-
tistical errors on the data are zero, C; remains finite
while Cs goes to zero. If A is one of the measure-
ments, Cr goes to zero while Cs remains finite. Bad
measurements are the dominant contribution to Cjg,
and they cancel the reduction in C;. An example is
the covariance matrix of the measurements, C[Ry, R,
for which C; = 0. With the definition Ry = Ry/oy,
statistical covariance is simply related to the number
of good measurements,
Tr{Cs[R, R]} = N} (56)
Finally, from Eq. (42) one can prove for infinitesi-
mal variation,

1
§f(z) = — / de'é(z,a)8U() ,  (57)
0

which should be compared to Eq. (25) in absence of
data. Thus, the covariance matrix does more than de-
scribe uncertainties in the image due to incomplete or
uncertain data; it also characterizes linear response of
the image to changes in data or default model. Large
error bars correspond to high sensitivity to input in-
formation. For example, if the image depends strongly
on choice of default model, it should not be reliable.
The covariance matrix is an extremely important out-
put of the data analysis procedure.

4 Applications

This section illustrates the performance of QSI for
a few inverse problems, and compares results to ME.
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Figure 1: Exact Data Example - Top curve is the
test density function, and dots are interpolation (I)
data. Middle curves are Gaussian (G) data (solid)
and resolution function R(z) (dashed x0.35). Bottom
curves are exponential (E) data and resolution func-
tion. Data are exact and measured at 32 points. The
Gaussian has a standard deviation of 0.044 and the
exponential has a decay constant of 0.15.

All examples use the test density function shown at
the top of Fig. 1. The default model is taken to be
flat, U,(z) = 0, corresponding to f,(z) = 1.

Fig. 1 also shows three data analysis problems cor-
responding to interpolation (I), Gaussian deconvolu-
tion (@), and exponential deconvolution (E). Data
are exact and measured at 32 equally spaced z-points.
ME images are obtained by the method of Lagrange
multipliers and displayed using 128 pixels in Fig. 2.
The ME image for the Gaussian deconvolution data is
credible, but it exhibits overly sharp and occasionally
spurious structure. The ME image for the E data ex-
hibits sharp edges reflecting the sharp feature in the
resolution function. The ME image for the I data
equals the data for measured pixels and equals the de-
fault model value of 1.0 for unmeasured pixels. The
and E ME images are not credible because they clearly
reflect how the data were measured.

These examples illustrate general characteristics of
ME. It works best for problems, such as deconvolu-
tion, where R(z) is a broad function and f(z) contains
comparatively sharp features. However, for problems
where ﬁ(w) is sharp and f(z) broad, ME tends to pro-
duce spurious structure. The interpolation problem is
an extreme example, since ﬁ(z) consists of a set of



Figure 2: Maximum Entropy Images - For exact
data example in Fig. 1, displayed in 128 pixels.

Dirac delta functions and the ME solution is nonsense.
More generally, ME will fail for any problem where
local smoothing is critical, such as density function
estimation (sampling). This conclusion is true regard-
less of whether a global smoothing hyperparameter is
used.

Application of QSI to the exact data example cor-
responds to setting £(R) — D in Eq. (36). An
optimal local smoothing hyperparameter 4 is deter-
mined by maximizing this expression, which separates
into two factors whose behavior is illustrated in Fig.
3. The Jeffrey’s prior (or Riemann volume factor),
1/4/det(K), favors the simpler model of larger v cor-
responding to fewer Fourier components in the image.
This factor is therefore equivalent to an Occam factor
in the Bayesian literature (Bretthorst, 1988), since it
implements the principle of Occam’s razor. The data
factor, exp(—Iq), favors the more complex model of
smaller v, corresponding to more Fourier components
in the image. The solid curve in Fig. 3 shows the
evidence for v on a log-linear scale. Comparable val-
ues of Yopt = 0.17 are found for all three data analysis
problems in Figure 1. Figure 4 shows the optimal QSI
images for the data in Figure 1. They are clearly more
credible than corresponding ME (v = 0) images shown
in Figure 2. Credibility is quantitatively expressed
by the many orders of magnitude larger Bayesian ev-
idences for QSI images relative to ME images.

Figure 5 shows noisy data sets for the test density
function in Fig. 1 and the same Gaussian (G) and ex-
ponential (E) resolution functions. The data are mea-
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Figure 3: Optimization of Local Smoothing Hy-
perparameter - The evidence, occam factor, and
data factor for the interpolation problem in Fig. 1
as a function of 7.

sured at 64 equally spaced points with noise levels in-
dicated. Figure 6 shows corresponding ME images ob-
tained by setting ¥ = 0 in QSI. The ME images clearly
show excessive overfitting and noise artifacts. Only
slightly smoother images would be obtained using the
Cambridge ME algorithm (MEMSYS) which includes
a global smoothing parameter (Skilling, 1989). Much
improved results would be obtained by correcting ME
for local smoothing using intrinsic correlation func-
tions, but it would be an ad hoc fix. Figure 7 shows
corresponding QSI images for the same data, which
are clearly superior to ME images. Although x? is
larger for QSI images than for ME images, the ev-
idence for them is greater because they correspond
to the simpler model of larger v. The data sets are
placed in order of increasing information content, as
measured by the value of I, ! . This ranking also corre-
sponds to the visual quality of the images in Figure 7
and to values of N gf . Note that lineshape can be more
important than statistical errors in determining the
information content of data, with sharper lineshapes
generally yielding more information (everything else
being equal).

More generally, QSI may provide a unified ap-
proach to almost all data analysis problems involving
a density function discussed in the statistics literature
[7, 8, 9]. These include density function estimation
(sampling), multinomial smoothing, image processing,
approximate solution of integral equations, etc. Statis-



Figure 4: Quantum Statistical Inference Images
- For the exact data example in Fig. 1, displayed in
128 pixels.

tical and incompleteness errors on the image can also
be estimated. Sensitivity to changes in data and prior
knowledge can be assessed. The fully Bayesian formu-
lation permits optimization of any unknown parame-
ters of the data analysis procedure. Prior knowledge
in the form of default models and other constraints
can be incorporated. A quadratic approximation to
QSI termed the quantum filter provides a numerically
efficient approximation in exchange for a possible loss
of resolution and positivity. QSI may also provide
a useful approach to experimental design, because it
enables a prior: identification of good and bad mea-
surements.

5 Relation of QSI to Physics

A brief discussion of frequentist and Bayesian con-
cepts of statistics in physics is followed by a long list
which identifies physical concepts analogous to QSI
concepts.

The development of concepts of probability by
physicists has been largely independent of develop-
ments in statistics. Terms such as ‘Bayesian’ or *fre-
quentist’ are not used, and Bayes theorem is almost
unknown. But analogies may be drawn. To the ex-
tent that the scientific method is Bayesian, one may
argue that use of Bayesian concepts by physicists is
‘implicit’. But most probability concepts in physics
are frequentist. Ordinary quantum mechanics is con-
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Figure 5: Noisy Data Example - The test density
function is convolved with the same resolution func-
tions in Fig. 1 at 64 equally spaced data points, and
then Gaussian independent noise is added. The no-
tation “E 0.05” stands for the exponential resolution
function with a noise standard deviation of 0.05.

cerned with solving a forward problem, not an inverse
problem. The goal is to calculate probabilities given
the potential energy V(z) = U(z)/y%. Experiments
are usually carried out in the limit of large numbers of
samples, so frequentist concepts of statistics are ad-
equate. Indeed, the quantum concept of a density
function, f(z,t) = |[¥(z,t)|? is frequency of particles
at point z and time ¢.

Quantum probabilities do not obey Bayes theorem.
Feynman’s path integral formulation of quantum the-
ory is a law of conditional ¥(z,t), not conditional
probabilities as used in Bayes theorem. Bayes theo-
rem is recovered from path integrals only by dropping
interference terms between different histories.

The derivation of quantum statistical mechanics
from a maximum entropy principle used in this pa-
per originated with Jaynes [11]. It is discussed ad-
mirably in Balian’s book [14], among others. But
most derivations of statistical mechanics are frequen-
tist; they usually invoke an unproven ergodic hypoth-
esis and/or contact with an imagined reservoir. Fre-
quentist arguments can work because statistical me-
chanics is usually concerned with a few constraints
(pressure, average energy, magnetic field, etc.) ap-
plied to a system having a large number of particles
(typically Avogadro’s number, 6 x 1023). Fluctuations
can usually be ignored. Most, if not all, of the statis-
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Figure 6: Maximum Entropy Images - For the
noisy data example in Fig. 5.

tical mechanics concepts which provide analogies for
QSI were first derived by frequentist arguments. And
it would be no surprise to see a frequentist expression
of QSI.

And now for the list of analogies. Eq. (1) is a
Lagrangian. Eq. (2) is analogous to the Schridinger
equation. Units correspond to setting temperature to
1. In Eq. (3), Fisher information is analogous to ki-
netic energy, data constraints U(z) are analogous to
potential energy, and € is analogous to fotal energy.
Differential operator H in Eq. (4) is analogous to a
Hamiltonian. The §(z — z') in Eq. (6) is a Dirac
delta function. Matrix representations of differential
operators are primarily due to Heisenberg and Dirac.

Lagrange multipliers are analogous to intensive
variables in statistical mechanics, and the data (or ob-
servations) are analogous to eztensive variables. The
goal of statistical mechanics is to infer the most likely
macrostate of a quantum many-body system from
data consisting of extensive variables and from prior
knowledge of a Hilbert space of possible microstates.
Concept of a density matrizin Eqs. (8,9) is due to Von
Neumann, as is definition of its entropy, Eq. (13). The
exponential family of density matrices in Eq. (15) is
analogous to a canonical ensemble in statistical me-
chanics. Normalization, Zg = exp(—F), is analogous
to a partition function. Cumulant generating func-
tional F is analogous to free energy. The argument af-
ter Eq. (19) that probabilities should be proportional
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Figure 7: Quantum Statistical Inference Images
- For the noisy data example in Fig. 5.

to the number of eigenfunctions that can contribute
within constraints is very important in statistical me-
chanics. Thus, most statistical mechanics calculations
begin with the partition function, from which all other
quantities can be derived. To maximize system prob-
ability in a Bayesian sense is the same as the principle
of minimum free energy.

The linear response function in Egs. (25,57) is anal-
ogous to a susceptibility [17, 18]. Equivalence between
the linear response function, Eq. (25,57), and the co-
variance for f(z), Eq. (26,51), is analogous to the
fluctuation-dissipation theorem. This is a quite fun-
damental statistical property of physical systems; for
example, it relates electronic noise in a circuit to its re-
sistivity, or density fluctuations in a liquid to its com-
pressibility. Uncertainty relations, Eq. (26), are anal-
ogous to thermodynamic uncertainty relations. Uncer-
tainty relations between v? and ir are related to the
Heisenberg uncertainty principle [2]. Local smoothing
parameter v is analogous to a de Broglie wavelength.
Units chosen are equivalent to 42 = k%/2mkpT, where
h is Planck’s constant, m is mass, kg is Boltzmann’s
constant, T is temperature.

QSI has used only commuting observables Ri(z),
real wave functions, the time-independent Schrodinger
equation, etc. Statistical mechanics is mathematically
analogous to quantum dynamics in imaginary time
T o ¥2. This is a small fraction of the rich structure
of quantum theory. There is enormous potential for



the application of additional quantum concepts such
as gauge fields, path integrals, semiclassical approxi-
mations, etc. to statistical inference.

6 Conclusion

Did the founders of quantum mechanics, in solv-
ing the riddles of the atom, serendipitously discover
how to reason from incomplete and uncertain infor-
mation? QSI is the first explicit application of quan-
tum theory to human reasoning. The compelling mo-
tivations for QSI include mathematical analogies be-
tween statistical data analysis and statistical mechan-
ics, the successes and limitations of the maximum en-
tropy method, and the unquestioned success of quan-
tum statistical mechanics in physics. The mathemati-
cal structure of quantum mechanics has been adapted
to the statistical inference of continuous density func-
tions. Applications have been demonstrated for data
interpolation and deconvolution, and results are supe-
rior to maximum entropy. A vast reservoir of other
physics concepts and methodology may also be appli-
cable to statistics and information theory. They can
be smoothly combined with Bayesian methods for rea-
soning from incomplete data and prior knowledge.
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