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Abstract

An entropy analysis of Szilard’s one-molecule
Maxwell’s demon suggests a general theory of the en-
tropy cost of information. The entropy of the de-
mon increases due to the decoupling of the molecule
from the measurement information. In general, nei-
ther measurement nor erasure is fundamentally a ther-
modynamically costly operation; however, the decor-
relation of the system from the information must al-
ways increase entropy in the system-with-information.
This causes a net entropy increase in the universe un-
less, as in the Szilard demon, the information is used
to decrease entropy elsewhere before the correlation
is lost. Thus information is thermodynamically costly
precisely to the extent that it is not used to obtain
work from the measured system.

1 Introduction

James Clerk Maxwell introduced his famous demon
in 1871 as a thought experiment to explore the second
law of thermodynamics, which asserts the nondecrease
of entropy. In the 123 years since its introduction, the
study of Maxwell’s demon has come to include ques-
tions of the thermodynamic significance of measure-
ment and information. In particular, the one-molecule
demon proposed by Szilard in 1929 [5], brought infor-
mation into the heart of the debate, where it has re-
mained ever since. Analyses by Brillouin [3] and Ben-
nett [2] have used the demon to explore the thermody-
namic costs of information processing; they believed
measurement and erasure, respectively, to be thermo-
dynamically costly events in the sense that they cause
entropy increases. This paper uses a new entropy anal-
ysis of the Szilard demon as a starting point for a the-
ory which sees decorrelation between information and
system as the key entropy-producing event.
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2 The Szilard Engine

The following description of the one-molecule
Maxwell’s demon is Bennett’s [2] slight modification
of Szilard’s original presentation [5]. We consider fur-
ther modifications in Section 5.1. The terms “engine”
and “demon” are used interchangeably.

The engine has two main parts: a cylinder and a
memory device. The cylinder contains one molecule
and has movable pistons at either end; the pistons
can move inwards but not outwards past their initial
positions. The cylinder is in thermal equilibrium with
its environment at temperature 7. The memory de-
vice has three (macroscopic) states: ‘0°, ‘L’, and ‘R’.
The exact nature of the memory is immaterial; we will
only assume (for now) that each macroscopic state of
the memory corresponds to an equal number of micro-
scopic physical states of the memory device.

0. At the start of the process, the pistons are pulled
out so that the volume of the cylinder is at its maxi-
mum. The memory is in state ‘0’.

The steps of the engine’s operation are as follows;
each step is, by assumption, performed without any
inefficiency. A diagram of the engine after each step,
for one particular cycle of operation, is shown in the
left column of Figure 2.

A. Insertion of Partition. A thin partition is
quickly inserted into the cylinder, dividing it into left
and right halves of equal volume.

B. Measurement. A measurement is made to
determine whether the molecule is trapped in the left
or right half of the cylinder, and the memory is set
to state ‘L’ or state ‘R’ accordingly. No assumptions
about the measurement method are made.

C. Compression. The piston on the side of the
cylinder not containing the molecule is pushed in until
it touches the partition.

D. Removal of Partition.
quickly removed.

E. Expansion. The one-molecule gas expands by

The partition is




colliding with the piston that has been pushed in at
the compression step. The energy lost by the molecule
is replaced by heat from the environment at tempera-
ture T'. The expansion stops when the original volume
of the cylinder is attained.

F. Erasure. The memory is set to state ‘0’. Thus
the measurement information, either ‘L’ or ‘R’ is
erased.

At the end of the erasure step, the demon’s cy-
cle of operation is complete. The cylinder is at the
same volume, the memory is in the same state, and
the molecule is at the same temperature, as at the
start.

3 Entropy

How should the entropy of a system be determined?
We insist on the following properties.

1. All the standard thermodynamic identities in-
volving entropy should hold.

2. Entropy should be a function of the thermody-
namic state of the system. Thus the total entropy
change of the engine over the complete cycle must
be zero, since the engine is in the same thermo-
dynamic state at the end as at the start.

3. Entropy should not depend on whether someone
possesses information about the system, or the
kind or amount of information possessed. In other
words, entropy must be completely “objective”
and should neither depend on nor refer to what an
observer may know or not know about the system
in question.

The following formulation of entropy meets all the
above criteria and will be used to analyze the opera-
tion of the Szilard Engine.

Let R be a region of the phase space which charac-
terizes a physical system in equilibrium. The entropy
of this region R is proportional to the natural loga-
rithm of the volume of R:

S =klogV(R) (1)

where the constant of proportion k is Boltzmann’s con-
stant. The volume function V (R) should be thought of
as counting the states in R; these states are uniformly
distributed in phase space.

Now consider an experimental procedure to prepare
a thermodynamic system. After the experiment is per-
formed a single time, the system will be in some micro-
scopic state, corresponding to a single point in phase
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space (no measurement of the microscopic state is im-
plied). Other points in phase space will correspond
to the state of the system on subsequent repetitions
of the experiment. Eventually, after many repetitions
of the procedure, the corresponding points in phase
space will uniformly fill a region R of phase space;
then S = klog V(R) is the entropy of the thermody-
namic system.

When analyzing the entropy of the demon at var-
ious points in its cycle, we must think of the experi-
ment being repeated numerous times, and not restrict
our attention to a single execution of the operation
cycle. In particular, it must be kept in mind that the
molecule will be trapped in both halves of the cylin-
der, rather than in just a single half, as would be the
case if we considered just a single execution of the
demon’s cycle. The latter view of entropy does not
satisfy the desired properties listed above and leads to
results that contradict the second law.

For example, what is the entropy of the molecule
after the partition is inserted compared to before the
insertion? As we repeat the experiment over and over,
we note that since the molecule is trapped sometimes
in the left and sometimes in the right half of the cylin-
der, all positions within the entire cylinder are pos-
sible states for the molecule after the partition has
been inserted, just as they were before the partition
was inserted. Thus the entropy has not changed (the
partition is considered to be arbitrarily thin). If we
had, on the other hand, considered only a single cycle
execution, we would say that the molecule occupies a
region of phase space half as large as the region occu-
pied before insertion, and that the entropy decreased.
But this would be incorrect: it would imply that we
could decrease entropy simply by sliding the partition
in, and would constitute a violation of the second law.

4 Entropy Analysis of the Demon

We now proceed to examine the entropy increases
and decreases that occur at each step of the demon’s
operation. ‘

The state of the demon can be specified by two pa-
rameters, the horizontal position of the molecule and
the state of the memory. The other state parameters
will have no effect on the entropy and thus do not need
to be explicitly considered in the phase space. For ex-
ample, the velocity distribution of the molecule never
changes, since it is always at temperature T'; velocity
thus plays no role in the entropy changes. Therefore it
suffices to use a two-dimensional rather than a seven-
dimensional diagram of phase space.
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Figure 1: Phase Space of the Szilard Engine

Figure 1 shows the phase space of the demon. The
horizontal axis marks positions of the molecule; the
vertical axis marks microscopic states of the memory.
At any instant, the microscopic state of the engine
is represented by a point in this diagram. A macro-
scopic state of the engine, specifying only the macro-
scopic state of the memory (‘0’,L’, or ‘R’) and which
half of the cylinder contains the molecule, is a set of
microscopic states of the engine and corresponds to a
rectangular region in the phase space diagram. For
example, the shaded region in Figure 1 corresponds to
the memory in state ‘0’ while the molecule is in the
right half of the cylinder.

We proceed to examine the entropy of the engine in
equilibrium after each step; the corresponding region
in phase space is shown in the right column of Figure
2.

0. Initial configuration. Before the process be-
gins, the molecule can occupy any position within the
cylinder and the memory is in state ‘0’. Let v denote
the volume of the corresponding region of phase space.
Then the entropy is So = klogv.

1. After insertion of the partition. The
molecule can still occupy any position (as we consider
all the available states over many repetitions of the de-
mon’s cycle) and the memory is still in state ‘0’. Thus
the entropy is unchanged and S, = S;.

2. After the measurement. The molecule may
occupy either the left or the right half, and the mem-
ory may be in either state ‘L’ or state ‘R’. However,
these configurations are correlated so that only two
macroscopic states occur: 1) the molecule is in the left
half of the cylinder and the memory reads ‘L’, or 2)
the molecule is in the right half and the memory reads
‘R’. The other combinations cannot occur. Looking at
the phase space diagram, it is clear that the system
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now occupies a different region of phase space than it
did just before the measurement, but the volume of
that region is unchanged. Thus the entropy does not
change due to the measurement. S, = Sp.

3. After the compression. Pushing in the cylin-
der has no effect on either the position of the molecule
or the state of the memory. Thus the macroscopic
state (region in phase space) is unchanged, and so is
entropy. Sz = So.

4. After removal of the partition. Removal
of the partition has no effect on either the position of
the molecule or the state of the memory; entropy is
unchanged. Sy = Sp.

5. After the expansion of the gas. After
the gas has expanded to fill the entire volume, the
molecule can have any position and the memory can
be in either state ‘L’ or state ‘R’ in any combination,
unlike the case in phases 2 through 4. For example,
the molecule can be in the left half of the cylinder
while the memory is in state ‘R’; this is a configuration
that was not available previously. Thus the number
of available states for the demon has increased, i.e.,
the entropy of the demon has increased. Looking at
the phase space diagram, it is clear that the volume
in phase space has exactly doubled:

S5 = klog2v = klogv + klog2 = S + klog2
and the entropy change is exactly

ASdemon = klog2 = 1 bit. )

Another entropy change occurs at this step as well.
As the gas expands, it loses energy, which is replaced
by an influx of heat from the demon’s environment
at temperature T, thereby decreasing the entropy of
the environment. The expansion step under consid-
eration is a case of isothermal expansion, one of the
basic processes in thermodynamics (it is, for example,
one of the steps of the Carnot engine). As any text-
book of thermodynamics shows, the entropy change
is dS = dQ/T, where dQ represents the energy lost
by the heat reservoir. The amount of entropy gained
by the expanding system is the same as that lost by
the reservoir. From Equation 2, we can then conclude
that the amount of heat transferred is kT log 2 and the
entropy change in the demon’s environment is

ASenv = —klog2 = —1 bit.

Note that the total entropy change in the universe due
to the expansion is

ASexpand = Sdemon + Senv = klog2—klog2 = 0. (3)
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The diagram shows the state of the demon and the phase space after each step.

Figure 2: The Szilard Engine.

repetitions of the process, not to the specific example shown on the left.

The phase space refers to many
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6. After the erasure of the memory. Era-
sure of the memory does not affect the possible posi-
tion of the molecule. But now the memory can be in
only one state, state ‘0’. A glance at the phase space
diagram makes it clear that the demon occupies the
same region of phase space that it did at the start,
and, as we expected, S¢ = Sy = klogv. But this vol-
ume is half of the phase space volume at phase 5, i.e.,
S¢ = S5 — klog2 and the entropy of the demon has
decreased by ASgemon = —1 bit.

The entropy of the demon’s environment also
changes due to the memory erasure. Landauer [4] and
Bennett [1] have argued that the environment incurs
an increase of ASe,y = klog2 = 1 bit; they use the
second law to infer this entropy increase. In the cur-
rent case, however, one is analyzing a Maxwell’s de-
mon at least partly in order to decide whether or not
the second law is valid; therefore, it would be inappro-
priate to assume its validity within the analysis itself.
However, the same conclusion is easily reached by as-
suming instead that the microscopic laws of physics
are time-reversible (in the sense of invertible func-
tions, not in the sense of reversible thermodynamic
processes). Then the degrees of freedom of any closed
system must be conserved, which implies that the de-
grees of freedom of the demon’s environment must in-
crease when the degrees of freedom of the demon itself
decrease due to the erasure. (It is possible that the
alternative assumptions of the second law and time-
reversible microscopic physical laws are in fact equiv-
alent.)

The total entropy change in the universe due to the
erasure is

ASerase = Sdemon + Senv = —klog2+klog2 = 0. (4)

Erasure entails a transfer of entropy from the demon
to the environment.

The entropy changes for the entire cycle of opera-
tion are summarized in Table 1.

Note that if we had considered the entropies of
the molecule and the memory separately, and then
added them together, we would have gotten erroneous
results. The separate entropies can be obtained by
considering the volumes of the support sets along the
horizontal and vertical axes in the phase space dia-
grams. But this method would not take into account
the correlations between the molecule position and the
memory, and as a result would not reveal the entropy
increase that occurs when more states are made avail-
able to the combined system during the expansion
step.
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5 Discussion

Looking at Table 1, we first note that entropy
changes only occur during the expansion and erasure
steps, and not during the measurement step (keep in
mind that we have assumed errorless measurement).

Second, we note that the sum of the entropy
changes in each row and in both columns is zero. That
is, there is no net change in entropy at any step, and
neither the demon nor its environment suffer a net
change over the course of the operation cycle; happily,
the second law is not violated. It thus appears at first
glance that no step can justifiably be called thermody-
namically costly in the context of the Szilard Engine.
However, by looking at the operations in more gen--
eral contexts, we conclude below that decorrelation
between information and system, and not erasure or
measurement, is a thermodynamically costly event in
a fundamental sense. We note that Bennett, although
using a similar phase space for the demon [1], reaches
very different conclusions about which operations are
“thermodynamically costly”.

In the model of a tri-state memory that we have
described, erasure of 1 bit of memory decreases the
entropy of the memory by klog2 (1 bit) and increases
the entropy of the memory’s surroundings, or envi-
ronment by the same amount; this is true regardless
of whether the erasure is part of some cyclic process
or if it is simply an isolated operation. Both the en-
tropy decrease and the entropy increase are due to the
erasure, which, in effect, causes a transfer of entropy
from the memory to its environment. Furthermore,
even these entropy changes are not truly fundamen-
tal to the act of erasing 1 bit of memory. Depend-
ing on how the memory is implemented, the entropy
changes due to erasure may vary both in magnitude
and sign, or may not occur at all; this is discussed
further in Section 5.1. It would thus appear that era-
sure, when considered in full generality, should not be
called “thermodynamically costly”.

How about the expansion step of the demon? In the
case of the Szilard Engine, this step also entails merely
a transfer of entropy, rather than a net increase. But,
considering the expansion step more carefully, the real
cause of the entropy increase in the demon is the evo-
lution of the system in such a way that the correlation
between the state of the memory and the position of
the molecule is lost. The correlation restricts which
states of the molecule can occur with which states
of the memory. The expansion eliminates the corre-
lation and lifts the restriction: the expansion allows
the demon to occupy states, such as memory ‘R’ and
molecule position left, that previously had not been




total
step demon | environment | net change
A. Insertion 0 0 0
B. Measurement 0 0 0
C. Compression 0 0 0
D. Removal 0 0 0
E. Expansion +1 -1 0
F. Erasure -1 +1 0
total 0 0 0

Table 1: Entropy changes at each step of the Szilard Engine (demon), in bits. 1 bit = klog2.

accessible. None of this involves the work and the
heat transfer that occur at the same time as the ex-
pansion. That is, the work and the heat transfer are
not intrinsic to the entropy increase of the demon; the
same entropy increase would have occurred, for the
same reasons, without any work being done or any
heat transferred. Thus the expansion step is just a
specific case of a more general “decorrelation” opera-
tion. Unlike erasure, only an entropy increase — and
not a decrease — is fundamental to a decorrelation
operation. For this reason, it seems justified to refer
to decorrelation as a thermodynamically costly oper-
ation.

5.1 Modified Szilard Engines

These points are further illustrated by considering
modified versions of Szilard’s Engine.

First we slightly change our model for the demon’s
memory: instead of the reference state ‘0’ having the
same size (in phase space) as the ‘L’ and ‘R’ states,
suppose that the ‘0’ state is twice as large. This is a
natural model for the memory as it would occur, for
example, if we implemented the memory using two bits
of standard semiconductor memory found in today’s
computers; one can think of the ‘00’ and ‘11’ states
mapping to ‘L’ and ‘R’ respectively and the ‘01’ and
‘10’ states both mapping to our reference state ‘0.

The operation of the engine proceeds as before, and
is illustrated in Figure 3. The entropy of the engine
now decreases by klog2 (1 bit) during the measure-
ment step, since the measurement reduces the size of
the available phase space. At the same time, there is
an offsetting increase in the entropy of the environ-
ment, for the same reasons that an increase occurred
during erasure in the original memory model. The
entropy changes during the decorrelation (expansion)
step are the same as before. But now there is no en-

tropy change at all during the erasure step; the volume
of phase space is the same before as after the erasure,
and thus the erasure can be performed reversibly, with
no consequent entropy changes either within the de-
mon or in its environment. The entropy changes for
this demon are presented in Table 2.

One can in fact generalize this argument by consid-
ering the volume A in phase space of the ‘0’ memory
state to be an arbitrary parameter of the Szilard En-
gine. It is not too hard to see that as A varies, the
entropy changes in the measurement and erasure steps
will vary in tandem so that the sum of the changes in
those two steps is constant. That is, the measure-
ment and erasure steps together share a net entropy
change, with each step’s portion determined by the
parameter A. Thus we see that the entropy changes
due to measurement and erasure vary in an arbitrary
way and therefore are not fundamental; the entropy
change due to decorrelation does not vary arbitrarily
and therefore is fundamental.

Another modification to the demon shows that
decorrelation steps can create net entropy increases in
the universe, rather than just entropy transfers. Con-
sider the following modification to the Szilard Engine
(see Figure 4). The cylinder is as before, except that
there are no pistons at the ends. The partition is in-
serted, the measurement is made (and the memory
set accordingly), then the partition is removed, and
finally the memory is erased. This is a cyclic process
and is basically identical to the Szilard Engine except
that the removal and expansion steps have been com-
bined so that the gas does no work and the entropy of
the environment is not decreased at any step (no heat
transfer takes place).

The entropy analysis for this demon is similar to the
previous cases; the entropy changes are shown in Table
3. As always, entropy is measured when the system
comes to equilibrium after each step. First note that
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Figure 3: Szilard Engine with memory implemented using two elementary bits. The entropy changes occurring

at the measurement and erasure steps have changed but the changes at the expansion steps are the same.
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total
step demon | environment | net change
A. Insertion 0 0 0
B. Measurement -1 +1 0
C. Compression 0 0 0
D. Removal 0 0 0
E. Expansion +1 -1 0
F. Erasure 0 0 0
total 0 0 0

Table 2: Entropy changes at each step of the Szilard Engine with modified memory implementation, in bits.

A. Insertion of partition

B. Measurement

C. Removal/Expansion

D. Erasure

Figure 4: Another version of the Szilard Engine, without any work done. Unlike the original engine, a net increase

in entropy results from the operation of this version.

not all the rows and columns add to zero. The column
showing the entropy changes in the environment shows
an increase of 1 bit of entropy; that is, running this
demon for one cycle of operation increases the entropy
of the universe by 1 bit.

The row for the removal/expansion step, which we
can now call the decorrelation step, has a net entropy
increase of 1 bit. The net entropy changes due to
the other operations is still zero. In other words, the
decorrelation causes a net entropy increase in the uni-
verse, unlike all the other steps in this process, includ-
ing measurement and erasure. Once again, it seems
Justified to refer to decorrelation as a thermodynami-
cally costly operation.

It is instructive to consider a further modification:
eliminating the memory altogether. The partition is
inserted, and then removed. Clearly there is no en-
tropy change at all in this cyclic process. We con-
clude that the decorrelation which causes an increase

of entropy is inherently an information-sensitive event:
without the information, there’s no decorrelation and
there’s no entropy increase.

In the special case of the Szilard Engine, the decor-
relation step did not cause a net increase in entropy.
Why not? Because in the same step, the gas did work
on its environment, causing an entropy decrease that
offset the increase due to the decorrelation. The infor-
mation embodied in the state of the memory was used
to obtain work from the gas; the information could be
used in this way only while it was still correlated with
the state of the gas.

6 Theory of Entropy and Information

The above results suggest a more general theory
about the entropy costs associated with information.
We summarize the results described above in terms




total
step demon | environment | net change
A. Insertion 0 0
B. Measurement 0 0
C. Removal/Expansion | +1 0 +1
D. Erasure -1 +1 0
total. +1 +1

Table 3: Entropy changes for the demon that does no work.

of such a theory, without reference to any Maxwell’s
demon.

Suppose there is a physical system and a physical
memory device whose state can record the results of
measurements made on the system. To avoid unpleas-
ant paradoxes, entropy must be calculated for the joint
system comprising both the memory and the physical
system; we will call this joint system the metasystem,
to avoid confusion.

The results of a measurement are recorded in a
memory; information can be thought of as the record
of a measurement. The measurement creates a correla-
tion between the memory and the physical system. An
entropy change may occur in the metasystem due to
the measurement, of sign and magnitude determined
by the specifics of the case. Of course, an entropy de-
crease will be accompanied by an entropy increase of
equal or greater magnitude in the metasystem’s envi-
ronment.

Decorrelation occurs when the physical system
evolves in such a way that its state is no longer corre-
lated with the information, i.e. with the state of the
memory. That is, the physical system reaches an equi-
librium in which its state and the state of the mem-
ory are independent. There may be processes where
decorrelation never occurs; this would be the case if
the information were sufficient to predict the exact
state of the physical system at all times subsequent to
the measurement.

Decorrelation causes an increase of entropy in the
metasystem. The amount of increase depends on the
details of the process and system, but an entropy in-
crease must always occur, since decorrelation always
increases the number of accessible states. In some
cases, the information can be used to induce the phys-
ical system to do work on its environment, which may
cause a decrease in the environment’s entropy. By the
second law of thermodynamics, the amount of this en-
tropy decrease cannot exceed the amount of the en-
tropy increase due to the decorrelation. This suggests

the following principle:

The entropy cost of information is the de-
gree to which the information is not used to
obtain work from the system. This cost is
assessed when the correlation between infor-
mation and system is lost.

The term ‘work’ is used generically to include any
entropy-reducing process.

Erasure of information, like measurement, may pro-
duce either an increase or a decrease in the entropy of
the memory; if there is a decrease, there will also be
an offsetting increase in the entropy of the memory’s
environment.

If the measurement is noisy or subject to error, then
the entropy of the resulting state will be larger than
if there had been no error. This is equivalent to the
case of an errorless measurement followed by a step
of partial decorrelation, which causes an entropy in-
crease; this partial decorrelation is combined into the
measurement.

Of course, these theories are not complete and call
for further research. They also raise other questions
regarding information, measurement and entropy in a
wider variety of systems and processes. For example,
one would like an explicit analysis of measurement in
a quantum system and in other cases where the mea-
surement information and the physical system are re-
lated in a more complicated way than in the case of
the Szilard Engine. One would also like a more com-
prehensive model of erasure, a theory for the energy
required to erase, and a closer examination of the idea
that erasure entails a loss of information.
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