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The Big Question
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Why 3 dimensions?

Space has exactly 3. Not 2, not 
4. Why?

Why fermions?

Matter particles obey Pauli 
exclusion. Why?

Is there a single 
algebraic object
that forces both?

The vacuum state V answers: 
yes.

This talk shows how a single algebraic vacuum state V in G(6, Z₃C) simultaneously encodes fermionic structure and forces 
exactly three spatial dimensions — not as an assumption, but as an unavoidable algebraic consequence.



What Is a Vacuum State?
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Not emptiness — the ground floor of algebra

In physics the vacuum is the lowest-energy state — not nothing, but the most fundamental configuration of 
fields.

In algebra the vacuum state V is a special element that encodes the complete structure of the system. It is the 
algebraic 'ground floor'.

Our vacuum V is an element of a geometric algebra G(6, Z₃C) that simultaneously contains fermionic directions 
(grade-2), spatial directions (grade-4), and a volume form (grade-6).

Key property V² = −V. This single equation says V is its own unique type — not nilpotent (N²=0), not idempotent 
(I²=I), but the vacuum-type (X²=−X).



The Algebra: G(6, Z₃C)
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G(6)
Geometric algebra with 6 basis directions e₁…e₆, each 
squaring to +1. Combines scalars, vectors, areas, 
volumes — all in one object. Total dimension: 2⁶ = 64 
basis elements across 7 grades.

Z₃C
The coefficient field: only 5 values allowed
{−1, 0, +1, −i, +i}

Arithmetic reflects at the boundary:
inline carry/borrow by flipping sign
+1+1 ≡ −1  (mod 3)
−1−1 ≡ +1  (mod 3)

±i allows signature-flipping: if eᵢ²=+1
then (i·eᵢ)²=−1 (anti-hyperbit)

The algebra is a single unified number system — not matrices, not vectors, but one object that simultaneously contains 
sums of graded objects.



Z₃C: The Bounded Coefficient Space
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Z₃C  =  { −1,  0,  +1,  −i,  +i }

Five allowed values — nothing else. Arithmetic wraps at the boundary.

Role 1 of i=sqrt(−1): Nilpotent Construction

Nilpotent vectors require i as coefficient:
Nₖ± = e_a ± i·e_b   →   (Nₖ±)² = 0

Without ±i the entire Witt decomposition is impossible.

Role 2 of i=sqrt(−1): Signature Flipping

i·eₐ flips metric signature:
eᵢ² = +1  (hyperbit)
(i·eᵢ)² = i²·eᵢ² = (−1)(+1) = −1  (anti-hyperbit)

Works for ALL grades — bivectors, trivectors, 4-blades…
This makes G(6) ≡ G(3,3) ≡ G(0,6).

Z₃ Arithmetic (inline carry/borrow):  2 ≡ −1  and  −2 ≡ +1  throughout



Hyperbits and Nilpotent Vectors
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The six basis vectors e₁…e₆ each square to +1 — they are hyperbits.

Hyperbits

eᵢ² = +1  for all i = 1…6

Think of them as unit-length directions
that each square to the identity.

64 basis elements total from their
combinations (grades 0 through 6).

Nilpotent Vectors

Combine a pair with ±i coefficient:

Nₖ⁺ = e_a + i·e_b
Nₖ⁻ = e_a − i·e_b

(Nₖ±)² = 0

They square to zero — one-shot generators
that vanish on contact with themselves.

Three pairs:  {e₁,e₃}    {e₂,e₆}    {e₄,e₅}



Idempotents: The Stable Memory of the Universe
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Three algebraic types — using neutral names to avoid confusion:

N² = 0

Nilpotent

Squaring gives zero.
One-shot generator —
consumed
by its own product.

I² = I

Idempotent

Squaring gives the same 
element.
Stable projector — persists
indefinitely. Permanent memory.

X² = −X

Vacuum-type

Squaring gives the negative.
The vacuum V sits here —
its own unique category.

Idempotents are the memory of the universe. P² = P means: apply it once or a million times — always the same 
result. They encode what persists: fermion structure, spatial frame, volume orientation.



The Three Witt Pairs and Their Idempotents
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Order matters: neg · pos  gives the idempotent

Pair A

{e₁, e₃}

an2·ap2

=  (e₁−ie₃)(e₁+ie₃)

Pp2 = −1 − i(e₁∧e₃)

Pn2 = −1 + i(e₁∧e₃)

Pair B

{e₂, e₆}

an3·ap3

=  (e₂−ie₆)(e₂+ie₆)

Pp3 = −1 − i(e₂∧e₆)

Pn3 = −1 + i(e₂∧e₆)

Pair C

{e₄, e₅}

an1·ap1

=  (e₄−ie₅)(e₄+ie₅)

Pp1 = −1 − i(e₄∧e₅)

Pn1 = −1 + i(e₄∧e₅)

Three Witt pairs from the Witt decomposition of ℂ⁶. Ppk² = Ppk    and    Ppk · Pnk = 0



The Vacuum V: Three Equivalent Definitions
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1.  Witt product — purely from nilpotents

V  =  ap1 · ap2 · ap3 · an1 · an2 · an3

2.  Full expansion (Python output)

V  =  +1  +  (−j·(e₁∧e₃))  +  (−j·(e₂∧e₆))  +  (−j·(e₄∧e₅))

+  (e₁∧e₂∧e₃∧e₆)  −  (e₁∧e₃∧e₄∧e₅)  −  (e₂∧e₄∧e₅∧e₆)  +  (−j·(e₁∧e₂∧e₃∧e₄∧e₅∧e₆))

3.  Factored form

V  =  (1 + Pp1 + Pp2 + Pp3) · (1 + jE7)  =  B · S

Pp1+Pp2+Pp3  =  −j(e₁∧e₃) − j(e₂∧e₆) − j(e₄∧e₅)  =  trit V²  =  −V     →     V · (V+1)  =  0

All 3 definitions give the same object — V is simultaneously a Witt product, a grade-decomposed multivector, and a factored B·S.



The Witt Product: V from Six Nilpotents
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The vacuum V is most fundamentally defined as the ordered product of all six nilpotent vectors:

V  =  ap1 · ap2 · ap3 · an1 · an2 · an3
Vs  =  an1 · an2 · an3 · ap1 · ap2 · ap3  =  conj(V)

where:   apk = e_a + i·e_b   (positive nilpotent)      ank = e_a − i·e_b   (negative nilpotent)

ap1·ap2·ap3
an1·an2·an3 →

Pp1, Pp2, Pp3
(idempotents) →

B · S
= V

B  =  1 + Pp1 + Pp2 + Pp3    (idempotent bundle)

S  =  1 + iE7                (pseudoscalar factor)

V = B·S: all grade content — bivectors, quaternions, pseudoscalar — from six nilpotent vectors.



The Vacuum State: V = 1 + trit + quad + jE7
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V  =  1  +  trit  +  quad  +  jE7

grade 0 1 Scalar identity — the metric baseline

grade 2 trit  =  −i(e₁₃ + e₂₆ + e₄₅) Three complex bivectors — the Kähler form.
Unitary: ωₖ² = +1.  Fermionic structure.

grade 4 quad  =  I − J − K Three commutative quaternions I, J, K.
Three-dimensional space encoded in algebra.

grade 6 jE7  =  i·(e₁∧e₂∧e₃∧e₄∧e₅∧e₆) Complex pseudoscalar — universal orientation,
the volume clock of the vacuum.

V² = −V   →   V(V+1) = 0



The + Sign Means True Simultaneity
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V = 1 + trit + quad + jE7  is NOT a superposition, mixture, or sequence.

The + in a multivector is the same + as in 3.7 = 3 + 0.7.
The integer and fractional parts coexist simultaneously — one number, two aspects.

trit and quad are simultaneously present aspects of V — not two states it transitions between. The fermionic directions 
and spatial frame coexist in the same object at all times.

Inseparable = 
entangled

each pair ψₖ = (bivector) + (quaternion) is algebraically entangled:
separating the grades destroys ψₖ² = P₊, just as separating entangled quantum states
destroys their joint properties. V is entangled across all its grades.

V² = −V is its own unique category — not nilpotent (N²=0) nor idempotent (I²=I).
The grade components mutually constrain each other, producing this vacuum-type property.

All G(p), Cl(p), H(n) share this: an electron's spin, charge, momentum, and helicity are simultaneously present in one 
multivector — not stored in separate matrices.



B: The Idempotent Bundle
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B  =  1 + Pp1 + Pp2 + Pp3  =  1 − i(e₁₃ + e₂₆ + e₄₅)

Odd powers  (Bⁿ = B for all odd n):

B³  =  +1  +  (−j·(e₁∧e₃))  +  (−j·(e₂∧e₆))  +  (−j·(e₄∧e₅))  =  B  ✓

(same as B — odd idempotent)

Even powers  (Bⁿ = B² for all even n):

B²  =  +1  +  (+j·(e₁∧e₃))  +  (+j·(e₂∧e₆))  +  (+j·(e₄∧e₅))

−  (e₁∧e₂∧e₃∧e₆)  +  (e₁∧e₃∧e₄∧e₅)  +  (e₂∧e₄∧e₅∧e₆)

(bivector signs conjugated +iω, grade-4 quaternion content appears)

B, B+1: odd idempotents    B−1 = trit: sparse unitary (2-cycle)

B = dynamical (always cycling).  V and quad = structural (Witt triples).



Commutative Quaternions: Space Encoded in Algebra
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The geometric product of each idempotent's bivector part with iE7 gives a quaternion:

Pp2 bivector: −i·e₁₃ × iE7 = −(e₂∧e₄∧e₅∧e₆) = −K

Pp3 bivector: −i·e₂₆ × iE7 = −(e₁∧e₃∧e₄∧e₅) = −J

Pp1 bivector: −i·e₄₅ × iE7 = +(e₁∧e₂∧e₃∧e₆) = +I

I² = J² = K² = IJK = +1     IJ = JI = K   (commutative!)

Unlike standard quaternions, all three commute — a provable fact, not an assumption.

Four idempotents of ℝ⊕ℝ⊕ℝ⊕ℝ (each: 16/64 active, all +, disjoint, sum = +1):

Q1 = 1+I+J+K     Q2 = 1+I−J−K  (= quad+1)     Q3 = 1−I+J−K     Q4 = 1−I−J+K



quad+1: The Unconventional Grade-4 Idempotent
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Standard idempotent: P = −1 + U  (scalar −1, grade-k unitary U)
quad+1 is different — roles are swapped at grade 4:

quad + 1  =  (sparse −1) + (unitary +1)  →  (quad+1)ⁿ = quad+1  for all n

Why does it work? Because quad² = −quad (vacuum-type), so:

(quad+1)² = quad²+2·quad+1 = −quad+2·quad+1 = (−1+2)·quad+1 ≡ quad+1  ✓

[Z₃C: 2≡−1, so −1+2 ≡ 1]

vectorize(quad):

All nonzero entries are − (never +)
→ quad is the sparse −1

gastates(quad+1):

ZERO=48  PLUS=16  MINUS=0
→ 16/64 rows active, all positive



The Gastates Truth Table of quad+1
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gastates treats a multivector as a truth table — 6 inputs (each ±1), 64 rows, output 0/+/−

All 16 active rows (output = +):       INPUTS: e₁ e₂ e₃ e₄ e₅ e₆ | OUTPUT

ROW 02: −−−−+− | + ROW 04: −−−+−− | + ROW 09: −−+−−+ | + ROW 15: −−++++  | +

ROW 19: −+−−++ | + ROW 21: −+−+−+ | + ROW 24: −++−−− | + ROW 30: −++++− | +

ROW 33: +−−−−+ | + ROW 39: +−−+++ | + ROW 42: +−+−+− | + ROW 44: +−++−− | +

ROW 48: ++−−−− | + ROW 54: ++−++− | + ROW 59: +++−++ | + ROW 61: ++++−+ | +

ZERO = 48     PLUS = 16     MINUS = 0     (out of 64 rows)

vectorize(quad): [--0- 0--- -0-- ---0 ---0 -0-- 0--- --0- -0-- ---0 --0- 0--- 0--- --0- ---0 -0--]

vectorize(quad+1): [00+0 +000 0+00 000+ 000+ 0+00 +000 00+0 0+00 000+ 00+0 +000 +000 00+0 000+ 0+00]



Four Entangled Pairs  — V is Algebraically Entangled
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'Inseparable' = 'entangled': splitting any pair into grade-pure parts destroys ψₖ² = P₊

V has 8 terms across grades 0,2,2,2,4,4,4,6. Pair term[I] with term[7−I]:

ψ₀ 1  +  (−iE7) 0 + 6 ψ₀² = P₊ = −1+iE7  ✓

ψ₁ (−i·e₁₃)  −  K 2 + 4 ψ₁² = P₊ = −1+iE7  ✓

ψ₂ (−i·e₂₆)  −  J 2 + 4 ψ₂² = P₊ = −1+iE7  ✓

ψ₃ (−i·e₄₅)  +  I 2 + 4 ψ₃² = P₊ = −1+iE7  ✓

ψ₀² + ψ₁² + ψ₂² + ψ₃²  =  P₊   ✓ (4 ≡ 1 in Z₃C)



The Z₃ Triple: V,  V+1,  V−1
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Three scalar shifts of V exhaust all three algebraic characters:

V
V² = −V

Vacuum-type
(unique category)

The vacuum itself — its own 
algebraic type.
Neither nilpotent nor idempotent.

V+1
(V+1)² = V+1

Idempotent
(P² = P)

The spatial projector — stable 
memory.
Projects onto 3D space.

V−1
(V−1)² = 1

Unitary
(U² = 1)

Pure non-scalar content:
trit + quad + jE7.
Squares to scalar identity.

Same for quad: quad → quad+1 (idem.) → quad−1 (unitary)      Period 3: V+3=V  (3≡0 in Z₃C)



The General Law: Unitary → Idempotent → Involution
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For any unitary U (U²=1) in G(6, Z₃C), three algebraic objects are generated:

Unitary

U

U² = 1

Self-inverse.
The generator.

Idempotent

P = −1 ± U

P² = P

Stable projector.
Permanent memory.

Involution

S = +1 ± U

S² = P = −S

Square root of P.
Pre-stable bridge.

Proof  S² = P: S² = (1+U)² = 1 + 2U + U²  =  1 + 2U + 1  =  2 + 2U  ≡  −1 − U  =  P₋

[Z₃C: 2 ≡ −1]    and    S = 1−U  ⟹  S² = 2−2U ≡ −1+U = P₊  ✓

Scalar shift cycle (Z₃C):

P + 1 = U       P − 1 = S  = sqrt(P)       S + 1 = P  = S²       S − 1 = U

U + 1 = S  (unitary + 1 gives the sqrt-of-idempotent)       U − 1 = P  (unitary − 1 gives the idempotent)



The Nilpotent–Trine Law:  N² = 0  ⟺ (1+N)³ = 1
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For any nilpotent N (N²=0) in G(n, Z₃C), scalar shifts generate trines and anti-trines:

Nilpotent

N

N² = 0

Squaring gives zero.
One-shot generator.

Trine

T = 1 ± N

T³ = 1

Cube root of +1.
T² + T + 1 = 0.

Anti-trine

A = −1 ± N

A³ = −1

Cube root of −1.
A² − A + 1 = 0.

Proof  (N²=0,  Z₃C: 2≡−1): (1+N)²  ≡  1−N   →   (1+N)³ = (1+N)(1−N) = 1−N² = 1   ✓

(−1+N)²  ≡  1+N   →   (−1+N)³ = (−1+N)(1+N) = −1+N²  = −1   ✓

T²=−A   A²=T   T1·T2=T3   T1³=T2³=T3³=1   {1, 1+N, 1−N} = Z₃ group under multiplication

F²=0  →  F+1=trine (T³=1),  −1+F=anti-trine (A³=−1),  F=F·(1+F)=F·(1−F) (trine-idempotent).  ALL G(p,q,Z₃C).



Nilpotents Generate — Idempotents Remember
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Element Property Type Role

Nₖ± grade 1 (Nₖ±)² = 0 Nilpotent Generator — one-shot, consumed in product

Ppk  grade 2 Ppk² = Ppk Idempotent Stable memory of fermionic Witt structure

ψₖ   grade 2+4 ψₖ² = P₊ Root of idempotent Bridge layer — pre-stable spinorial element

1+quad  grade 0+4 (1+quad)ⁿ = 1+quad Idempotent 
(unconventional)

Memory of the spatial quaternion frame

P± grade 6 P±² = P± Idempotent Memory of volume orientation (chirality)

V  all even grades V² = −V Vacuum-type Whole simultaneous record of all above

The vacuum V is the universe's memory — nilpotents generate structure, idempotents preserve it, and the + sign 
holds it all together simultaneously.



V and V+1: The Vacuum and Its Projector
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Shared structure (differ only in scalar: V has +1, V+1 has −1):

trit + quad + jE7  =  −i(e₁₃+e₂₆+e₄₅) + (I−J−K) − i·E7

Involution  V  (vacuum-type  X²=−X)

V
V² = −V   (NOT nilpotent, NOT idempotent)

V·(V+1) = 0

V·Vs = 0

Scalar = +1

Fermion/matter sector

V−1 = unitary,  V+1 = idempotent

X²=−X: its own unique algebraic class

Idempotent  V+1  (projector  X²=X)

V+1
(V+1)² = V+1   (standard idempotent)

V·(V+1) = 0

Vs·(Vs+1) = 0

Scalar = −1

Spatial / memory sector

P = −1+(V−1) = V+1 in General Law

Stable projector — permanent memory

Key:  V·(V+1) = 0   V·Vs = 0   Vs·(Vs+1) = 0   V²=−V (involution)   (V+1)²=V+1 (idempotent)

V−1 is unitary (U²=1),  V+1 is idempotent (P²=P),  V is vacuum-type (X²=−X) — four distinct classes



Connection to Physics
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Planck Length  ✓ Setting Compton wavelength = Schwarzschild radius gives ℓ_P = √(ħG/c³). Confirms: each nilpotent 
pair Nₖ± corresponds to one Planck voxel direction. (Proved in companion paper: 'Black Holes from 
Hyperbits'.)

Lorentz Invariance  ✓ The commutative quaternions are correctly non-relativistic — the Planck length cannot be Lorentz-
contracted. Lorentz invariance enters at a higher layer: G(1,3,R3c) complex quaternions (Furey) 
encode Pauli spins and hyperbolic boosts.

16 Standard Model 
Fermions  ✓

Products of the Ppk idempotents form minimal left ideals (Furey). All 16 Standard Model fermions 
emerge from these ideals. Spinors = square roots of idempotents: ψₖ² = P₊ is the spinorial layer.

G(3,3) ≡ G(6) ≡ G(0,6)  ✓ The nilpotent model is properly G(3,3) but pairwise nilpotents cancel signature. Converting eᵢ²=+1 → 
Eᵢ²=−1 via Eᵢ=i·eᵢ shows all three are equivalent.



Open Questions
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1
Grade-6 idempotents & chirality

Does iE7 play the role of γ⁵? Do P± = −1±iE7 correspond to left/right chiral projectors of the Standard Model?

2
Planck voxel from three nilpotents

Can we prove that the three nilpotent pairs Nₖ± directly generate one 3D Planck volume (Planck voxel), linking V to the 
Planck length?

3
Cosmological constant

Stay tuned about future announcement of computation using bekbit first principles.

4
Uniqueness

Is G(6) the unique geometric algebra admitting V²=−V, three Witt pairs, inseparable ψₖ pairs, and commutative 
quaternions simultaneously?

5
Vacuum, neutrino, and antineutrino

W = ap1·ap2·ap3,  Ws = an3·an2·an1  (half-Witt products). neutrino = V·W·Ws,  antineutrino = Vs·Ws·W,  where Vs = 
conj(V). Python: V == neutrino  and  Vs == aneutrino  ✓,  and  V·Vs = 0. Is V the algebraic neutrino of G(6, Z₃C)?



The Vacuum V: A Complete Algebraic Universe

V = 1 + trit + quad + jE7 One object. All grades simultaneous. True algebraic wholeness.

Six nilpotents generate V Witt product ap1·ap2·ap3·an1·an2·an3 — the fermionic ground floor.

Idempotents are memory P²=P: stable, persistent — the universe's permanent record.

Three spatial dimensions Forced by the Witt decomposition — three pairs, three axes, inevitable.

X²=−X is its own type Not nilpotent, not idempotent — the vacuum sits between, unique.

Z₃C coefficient field Five values {−1, 0, +1, −i, +i} — bounded, reflective, sufficient.

The vacuum is the universe's memory as multilayer idempotents, constructed from nilpotents
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