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Abstract

We derive the complete black hole picture — Schwarzschild radius, Bekenstein entropy,
Hawking temperature, collapse threshold, and information conservation — from a single
Clifford-algebra axiom (e = +1) with no general relativity and no free parameters. The hyperbit
hypercube {+1,-1}" organizes n binary distinctions into 2" corner states; its hypertetrahedron
circumradius r_std = \n, converted by the Bekenstein and Compton—Schwarzschild bridges,
reproduces the exact Schwarzschild radius r_s = (2/N)*VS_BH*|_P. Three Witt pairs coalesce
into CI(6) = one Planck voxel = one Bekenstein bit (a bekbit); this same algebra is Furey’s
Standard Model fermion generation, identifying voxel structure with matter content. The V/Vs
vacuum involutions of Cl(6) — anchoring sixteen fermions — establish a collapse threshold
n_thresh = 6.41 that leaves stable matter exactly 0.41 bits below horizon formation. Hawking
radiation consists of the massless {V, Vs} vacuum states alone; all charged fermions, being
nilpotents, re-enter. The master equation Q = e”(1r*r_s?I_P?) = 2b unifies Boltzmann’s entropy,
Bekenstein’'s area geometry, Landauer’s cost, and the bekbit corner count. The First Peek
section that follows walks through these results in narrative form before the formal chapters.

First Peek

This paper derives the complete black hole picture — Schwarzschild radius, Bekenstein
entropy, Hawking temperature, collapse threshold, and information conservation — from a
single algebraic axiom with no general relativity and no free parameters.

The starting point is the hyperbit: a unit vector e satisfying e? = +1. This is the simplest possible
binary distinction. Nilpotent pairs are formed as sums of a hyperbit ea (signature es> = +1) and a
complex anti-hyperbit i*e, (signature (i*e,)* = -1): ap = ea + i*e, and an = ea — i*e,. The mixed



+1/-1 signature is essential: expanding ap? gives 1 + i*(ea*e, + €,€a) — 1, and because
independent Clifford generators anti-commute (ea*e, = —e,*ea), the cross terms cancel exactly,
leaving ap? = an? = 0. This nilpotent condition is the algebraic expression of a null vector —
physically, a direction on a lightlike surface. The event horizon is exactly such a surface.

Coalescing n independent hyperbits gives the n-dimensional hyperbit hypercube {+1,-1}*n with
27n corner states. Each corner owns a unit n-cube (volume = 1) as its Voronoi cell. As n grows,
the interior of the continuous unit sphere collapses to zero (the classical n-ball volume formula),
forcing all information onto the discrete surface corners. The corners form a hypertetrahedron
with circumradius r_std = Yn and mutual equidistance V(2n). These are dimensionless quantities
in abstract information space.

Physical units enter through two bridges used in this paper: Bekenstein’s formula (each bit
occupies 4|_P? of horizon area, establishing |_P as the physical scale) and the Compton—
Schwarzschild threshold (which sets the mass scale via m_bit = m_P*In2/(21T), derived from
Landauer’s principle followed by Einstein’s E = mc?). For a black hole with S_BH Bekenstein
bits, the hypertetrahedron circumradius maps to the Schwarzschild radius exactly:

r_s = (2~Nm)*VS_BH*I_P, recovering general relativity without solving the Einstein field
equations.

One Bekenstein bit requires three Witt pairs (three nilpotent pairs) to encode its three spatial
directions, giving the algebra CI(6) and a physical Planck voxel of volume 4|_P3. We call this
CI(6) cell a bekbit (Bekenstein bit): its j-dressed pseudoscalar jE, satisfies JE,? = +1, so the
whole cell behaves as a single unitary degree of freedom — a grade-six G(6) analogue of the
primitive hyperbit e = +1 — even though it spans six raw hyperbit dimensions (n = 6b). The
bekbit, not the raw hyperbit, is the correct unit for black-hole entropy statistics: a horizon of b
bekbits has entropy S_BH = b and microstate count Q = 2”b. This is simultaneously Furey’s
fermion algebra for one Standard Model generation and the algebraic structure of one horizon
voxel. The holographic direction is N — 3 (each unit N-cube projects to one Planck voxel), not
the traditional 3D — 2D of AdS/CFT.

The bekbit’s jE,? = +1 closure is in fact the k = 3 instance of a recursive algebraic pattern: for
every k Witt pairs (CI(2k)), the sum of canonical raising nilpotents is itself nilpotent, the top-
grade pseudoscalar built from all 2k generators squares to +1, and that same pseudoscalar is
invariant under the dagger operation (dagger(P) = P, where the j-dressings of the Witt-pair
construction are precisely the pattern that navigates the grade-4 dagger periodicity to keep
every Witt-pair pseudoscalar self-adjoint). Computational verification in GALG confirms all three
properties for k = 1, 2, 3, 4, 5. Since a black hole of b bekbits is built from b copies of CI(6)
(giving CIl(6b) substrate, Chapter 5), the BH superscalar inherits all three invariants at every b:
in particular dagger(BH_pseudoscalar) = BH_pseudoscalar at every horizon size. Every black
hole is therefore a self-adjoint pseudoscalar. By the standard quantum-mechanical
correspondence between self-adjoint operators and physical observables (Hermitian =
observable, with real eigenvalues), the BH superscalar functions as a real-valued, grade-6b
observable of the captured-matter algebra — a measurable central element rather than an
inaccessible internal degree of freedom. CI(6) is not algebraically unique in possessing
"hyperbit-ness" — it is singled out as the physical bekbit by three independent physical
requirements: Furey’s identification of one Standard Model fermion generation with CI(6) (16
states including three quark colors), the 3D geometry of the Planck voxel (2| P x 2| P x| P,



three orthogonal extents = three Witt pairs), and the kinematic 3D-ness of mass (black-hole
formation requires mass, which requires fermions, which in our universe carry 3D momentum).
CI(B) is the algebraic representative that physics selects; Cl(2k) for k # 3 remain consistent
hyperbit-like structures but are physically inaccessible at the bekbit scale. The companion paper
develops this and its refinement of the 3D-uniqueness conjecture.

The VIVs involutions and the sixteen fermions. The bekbit’'s vacuum V and its complex
conjugate Vs are defined as the interleaved product of all six raising/lowering nilpotents of CI(6):
V = ap,*ap,*apz*an;*an,*ans, Vs = complex_conjugate(V). GALG expands V into an 8-term
multivector spanning all even grades (1 scalar + 3 bivectors + 3 4-vectors + 1 pseudoscalar).
The bekbit's vacuum decomposition therefore produces two involutions {V, Vs} (V2= -V, Vs? =
-Vs, so V =P = -P and Vs = VPs = -Ps — the vacuum states themselves are NOT
idempotent) with corresponding idempotent projectors W*Ws = -V and Ws*W = -Vs, where W
= ap,*ap.*aps; (W? = 0) and Ws = an;*an,*anz (Ws? = 0) are the raising and lowering nilpotents.
V and Vs are complementary (V*Vs = P*Ps = 0, by nilpotency Ws? = 0), so they generate two
orthogonal 8-dimensional fermion sectors. From these, all sixteen Standard Model fermions of
one generation emerge. The V-sector (T2 = +'2 upper doublet) gives 8 states as products of
an_i on W*Ws: neutrino v = V*W*Ws, three anti-down-quarks an_i*W*Ws (SU(3) antitriplet),
three up-quarks (an_j*an_k)*W*Ws (SU(3) triplet), positron e* = (ans*an,*an,)*W*Ws. The Vs-
sector (T = =% lower doublet) gives 8 mirror states as products of ap_i on Ws*W: anti-neutrino
v = Vs*Ws*W, three down-quarks ap_i*Ws*W (SU(3) triplet), three anti-up-quarks
(ap_j*ap_k)*Ws*W (SU(3) antitriplet), electron e~ = conj((ap.*apz*aps)*Ws*W) — the electron
alone requires complex conjugation, the algebraic signature of the chirality flip that makes it the
Standard Model’s left-handed lepton. Total: 8 + 8 = 16 fermion states, exactly one Standard
Model generation. CI(6) is the unique algebra size that fits this content: Cl(4) gives only 4 states
(no room for SU(3) color triplets), CI(8) gives 16 states with no Standard Model interpretation for
the surplus. The V involution is the algebraic skeleton on which one Standard Model
fermion generation is built. The companion paper §11 develops the full sixteen-fermion
decomposition.

Microstate completeness: the corner-state projectors sum to 1. For any Cl(n) hypercube
with n = 2 generators (real, j-dressed, or mixed signature), the 2*n compound corner elements
— one per signed combination (-1 £ e;)(-1 £ e,)...(—1 £ e_n), note the -1 base per GALG
convention — sum to the multiplicative identity. These corners are linearly independent but NOT
mutually orthogonal (each factor is grade-1, non-commutative). The truly orthogonal projectors
are the Witt-pair Pp_i = ap_i * an_i (grade-2, commutative, minimal left ideals) whose product
Pp_1*Pp_2*Pp_3 =Pp=-Vis precisely the vacuum projector. GALG verifies this for n = 2
through 6 including the bekbit signature [a, jb, c, jd, e, 1j*f] (three Witt pairs, 64 projectors
summing to +1). Consequence: a Cl(6) bekbit's 64 microstates are the 64 compound corner
elements summing to +1 (linearly independent, not orthogonal), and separately 3
mutually commuting Witt-pair projectors Pp_i whose product is -V — the corners are
linearly independent (but not mutually orthogonal), and the number 64 is exact, not heuristic.
For a black hole of b bekbits, 24(6b) hyperbit-level projectors sum to 1 at every horizon size; the
master equation Q = 20 is the bekbit-level (coarse-grained) projector decomposition, with 2*(6b)
the fine-grained hyperbit-level one. Both are exact resolutions of identity. The companion paper
§11 develops the full verification.

Setting the Compton wavelength equal to the Schwarzschild radius gives a pure collapse
threshold: n_thresh = 21/(N2*In2) = 6.41 bits. Below this, coalescence of hyperbits produces
stable matter; at and above it, a horizon forms. The CI(6) fermion carries exactly 6.000 bits —



0.41 bits below threshold. Stable matter exists because the minimum fermion algebra is
marginally sub-threshold; this gap is fixed by the algebra itself, not tuned. A black hole grows by
incremental coalescence: each additional hyperbit beyond the threshold tiles one more Planck
voxel onto the horizon, with the mass growing linearly and the horizon area growing
quadratically.

Hawking radiation consists exclusively of massless vacuum/anti-vacuum states — the pair {V,
Vs} of the CI(6) Witt decomposition. These are involution spinors (V? = idempotent # 0). The
neutrino shares this same involution form but carries mass, so it is the massless vacuum
realisation that escapes, not the neutrino itself — a massive quantum could not climb out of the
horizon. All charged fermions are nilpotents (x?=0) and re-enter the black hole. There is no
formation-era radiation. The isotropic subspace {ap, an} — and the bekbit built from three such
pairs — is never split.

The master equation Q = e (1*r_s%|_P?) = e*(b*In2) = 2*b unifies Boltzmann’s entropy,
Bekenstein’s area geometry, Landauer’s information cost, and the bekbit corner count in one
identity. The hyperbit e = +1 is the shared algebraic root of qubits (Matzke), fermions (Furey),
black holes, and the vacuum — Wheeler’s ‘it from bit’ made algebraically precise.

One axiom — ei?*=+1 — generates the hyperbit hypercube, whose nilpotent pairs
encode the null horizon surface, whose Witt decomposition gives the Planck voxels,
and whose collapse threshold n_thresh=6.41 separates stable matter from black
holes. The Schwarzschild radius, Bekenstein entropy, Hawking temperature,
information conservation, and the stability of matter all follow with no general
relativity and no free parameters.




The Hyperbit: One Axiom

Layman: think of a coin that can be heads or tails. A hyperbit is the mathematical object
that represents that choice — the simplest possible unit of information. Pair it with its mirror
image and you get the algebraic seed of every horizon bit.

A hyperbit is a unit vector ei obeying one Clifford algebra axiom:
e;? = +1

That is the entire definition. The hyperbit has no size, no mass, no position. Its only ‘unit’ is the
bit — a count of binary distinctions, not a physical measurement. A second type of object, the
anti-hyperbit, is formed by multiplying by i = (-1):

(i*ep) 2 = 1i?*e,2 = (-1)(+1) = -1

The hyperbit squares to +1; the anti-hyperbit squares to —1. Two different hyperbits from
independent dimensions are orthogonal (ei*ej = 0) and anticommute (ei*ej = —ej*ei). This is
Clifford algebra.

Pair one hyperbit with one anti-hyperbit to form the nilpotent pair:
ap = e. + i*e, an = e, - i*e

Both ap and an satisfy ap? = an? = 0 (nilpotent: squaring gives zero). Their product ap*an
contains a scalar and a bivector term: ap*an = -1 + j*(eaAe,). Together {ap, an} form a Witt
hyperbolic plane — a split-signature pair where both vectors are null. This pair is the algebraic
atom of the event horizon — every subsequent chapter builds on it.

One hyperbit (e?=+1) and one anti-hyperbit ((i*e.)>=—1) form a nilpotent pair {ap, an}
with ap?=an?=0. Their product forms the idempotent P = ap*an = -1 + j*(eaAe:), P?=P.
This is the minimum algebraic structure. All geometry, mass, area, and length
emerge from it — but only after physical units are injected via three bridges
introduced in Chapter 4.

Hypercubes: n Bits, 2" Corners, Standard Radius and
Standard Distance

Layman: flip n coins simultaneously. Every possible outcome is one corner of an n-
dimensional hypercube. Two things are true for all such corners: they all sit at the same
distance from the centre, and any two randomly chosen corners are almost exactly the
same distance apart. These two distances are the standard radius and the standard
distance.

The simplest case to picture is the ordinary 3D cube (n=3), shown below. It is the fully
visualisable starting version of the hypercube that the rest of this chapter generalises to arbitrary
n. Three distances anchor the geometry. The inscribed sphere has radius = 1, tangent to the



cube faces. The cube side = 2, equal to one full diameter of that sphere. Each corner sits at
distance Vn from the centre — here V3, the body-diagonal circumradius r_std. As n grows,
radius = 1 and side = 2 stay fixed while the corner distance Vn grows without bound, pushing
the corners ever farther out while the interior sphere stays the same size.

Figure: The 3D cube (n=3) — radius = 1, side = 2, corner at \3.

Assemble n independent hyperbits. The full state space is the n-dimensional hypercube
{#+1,-1}*n. Every basis state is a corner of this cube. There are 2*n corners. The hypercube is
itself a hypervolume — the pseudoscalar of the space, the single GALG object that contains all
of its vectors: e;AezAe3A... A€y,

When two geometric algebras G(n) and G(m) with INDEPENDENT generators interact —
whether by addition or geometric product — their generator spaces combine into a single larger
algebra. The verb for this is COALESCE: G(n) coalesces with G(m) to give G(n+m), with
dimension 2*n * 2*m = 2*(n+m). This is the GA replacement for the tensor product @ of
quantum mechanics. The dimensions MULTIPLY because each generator of G(n) is
independent of each generator of G(m), so all cross-grade combinations are new.

G(n) coalesces with G(m) - G (n+m) dim: 2%n * 2m =
2” (n+m)
Contrast with SUPERPOSITION (staying within one algebra): a*ap + f*an combines two states
within G(2) without growing the algebra. Coalescence GROWS the algebra; superposition stays

within it. The two operations are the GA counterparts of tensor product @ (coalescence) and
linear combination + (superposition).

Grade structure, Z; arithmetic, and the full GA state space



A GASTATES truth table evaluates any GA expression over all 2*n input combinations,
assigning each row a sign from {-,0,+}. This is a complete row-decode: the sign pattern
uniquely identifies the multivector expression.

The co-occurrence a+b (written as a sum) gives GASTATES pattern [+ 0 O -]. This is correct
and meaningful: a+b = (1-a)(1-b) — (1+a)(1+b) — the difference of two corner-selecting
expressions. The mixed corners cancel to zero where they contribute equally and oppositely.
Grade-1 expressions are valid GA states: superpositions of multiple corners, not single-corner
selectors.

GALG operates with Z; coefficients: the coefficient values cycle through -1 0 +1 -1... so that
+1+1 = -1 (mod 3, symmetric around 0). This restricts the algebra to reflections in the unit
hypercube — a finite, computationally complete state space. The Z; coefficients act as a parity
filter: standard GA products give integer coefficients, which Z; reduces to {-1,0,+1} by taking
odd counts as +1 and even counts as 0.

The product-of-sums expressions [i(1 £ ei) each expand into ALL 2*n grade-k blades
simultaneously:

(1+eq) * (1+ey) *-*(1+e,) = 1 + Z e; + Z esAej + = + ejAAgy
[2n terms, all grades]

These are LINEARLY INDEPENDENT row-decode states that combine by ADDITION and span
the full algebra. They are NOT idempotents and NOT orthogonal projectors. Standard GA gives
((1+a)(1+b))? = 2(1+a+b+(anb)); Zz-reduced (2 — -1) this becomes -1 —a - b — (anb) = P,
exactly matching GALG. Squaring multiplies each coefficient by 2, which Z; maps to -1 — so
squaring inverts the sign of every coefficient. For n=3: ((1+a)(1+b)(1+c))? retains only the blades
containing b (b, aAb, bAc, aAbAc) because those are the blades whose coefficients are odd after
the full geometric product expansion.

Four levels of counting in Cl(n,0)
The n hyperbits generate four nested levels of counting, each a different power:

Level Count n=2 example Meaning
Generators n 2 hyperbits {a,b} The n hyperbits. Generator space = Rn
(direct sum, dimensions ADD).
Basis elements 2An 4: {1, a, b, anb} All grade-k blades of Cl(n,0). The
| corner states Bekenstein microstates Q = 2*n. These

are the minimal idempotent projectors
[Ti(1 % ei). Dimensions MULTIPLY.

Full GA state 3A(27n) 81 =3 All multivectors with coefficients {-1,0,+1}
space on each basis element. Confirmed by
gasolve([a,b], AX:1) finding exactly 81
non-trivially-evaluating expressions. For
one Planck voxel CI(6): 364 =~ 3.4x10%.




Full complex 5A(27n) 625 = 504 All multivectors with Z3C complex

Z3C state space coefficients {-1, —i, 0, +i, +1} on each
basis element (5 values per basis
element). Supports anti-hyperbits (i*es)
anti-bivectors (i*(eanev)) and all anti-k-
vectors — the full unitary structure
(U?=+1) including boost and rotation
generators. For CI(6): 5264 = 5.4x1044.

The Bekenstein entropy counts the 2*n CORNER STATES — the minimal idempotent
projectors, one per corner. The full GA state space 3*(2”n) includes all superpositions of all
grades with real Z3 coefficients. The Z3C complex extension 5*(2”n) further adds imaginary
coefficients, enabling the anti-hyperbits, anti-bivectors and anti-trivectors whose unitary
structure (U?=+1) underlies the idempotent P = -1 + U and the full Lorentz algebra. Bekenstein
microstate counting is coefficient-binary; GA is coefficient-ternary; Z3C is coefficient-quinternary
with complex structure.
Standard radius: distance from origin to any corner
Every corner v has components vi = 1. Its Euclidean distance from the origin is always exactly
\n, regardless of which corner:

llv]]2 = Z: vi2 = n * (*¥1)2 = n ~ |lvll = +“n for

ALL corners

This fixed distance from the origin to any corner is the standard radius:
r std = \n (dimensionless, units: bit*{1/2})

It is a property of the hypertetrahedron, not of any sphere. All 2*n corners sit at circumradius
r_std from the centroid.

Standard distance: distance between two random corners
Now consider two random corners A and B. Their squared Euclidean distance is:
|A-B|? = ©; (A; — B;)? = 4 * H(A,B)

where H(A,B) is the Hamming distance (number of positions where A and B differ). Since each
position differs independently with probability 1/2, H(A,B) follows a Binomial(n, 1/2) distribution
with mean n/2. Therefore the expected pairwise distance is:

E[|A-B|] = \/(2n) = V2 * r std (standard distance)

The standard distance V(2n) is V2 times the standard radius Yn. The absolute standard
deviation of this pairwise distance is constant for all n:

std[|A-B|] = 1/V2 =~ 0.707 (constant for all n)

This means the relative spread std/mean = 1/(2\n) — 0 as n grows: the distribution
concentrates. Figure 1 shows this directly.



Cartesian Distance Histograms — Boolean Hypercube {£1}" Corners
Standard distance = V(2N); std = 1/vV2 =~ 0.707 is constant for all N
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Figure 1. Cartesian distance histograms: pairwise Euclidean distance |A-B| between random corners of {+1,-1}*N for
N = 20, 50, 100, 200. Peaks march right at the standard distance \/(2N) as N grows. The absolute std = 12 = 0.707
is constant for all N (red bracket on N=100). Relative std = 1/(2N) — 0: peaks sharpen and corners become mutually
equidistant.

Hypertetrahedron: all corners equidistant

As n — «, the relative spread — 0: every pair of corners converges to exactly the same
distance V(2n). A set of points where all pairwise distances are equal is a regular simplex — a
hypertetrahedron. This is the primary geometric object:

« The 2n corners form a hypertetrahedron (all pairwise distances equal V2*r_std) by the
Central Limit Theorem.

« r_std = Vnis the circumradius of this hypertetrahedron — distance from centroid to each
vertex.

+ There is no separate sphere: r_std is purely a distance property of the hypertetrahedron.

* The hypercube gives algebraic structure ({+1,-1}"n); the hypertetrahedron gives
distance structure.

Two Spheres: Why Entropy Is Area, Not Volume

Layman: a classical result in geometry — beautifully illustrated by Sanderson

(3Blue 1Brown) — shows that as you go to higher dimensions, the unit sphere inside a
hypercube shrinks to nothing. The corners of the cube poke further and further out. The
physics of black holes uses exactly this: the interior empties (so entropy is area), and the
corners carry the information bits at distance r_std=\n from the centre.

From Chapter 2 we have 2”n corners all at circumradius r_std = Yn. The question is: what does
the continuous interior of this space look like? The n-ball volume formula [Ref. 5] answers this:
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For a fixed radius r=1 (the unit sphere tangent to the hypercube faces), the factorial
denominator grows faster than the numerator as n increases. The volume peaks near n=5 and
then collapses irreversibly to zero.
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Table 1. Surface area 0B" and volume B of the unit n-ball for dimensions n = 0—9. Both dB" and Bn collapse to zero
as n— for fixed r = 1; only the 2n corner count grows without bound.

Sanderson Result: Unit Ball Volume Peaks near n=5, Then Collapses to Zero

Peak = n=5
V =5.28

/

Volume of a
unit ball

As N—oo, volume—0.
The sphere interior empties.
All content goes to the surface.
— BH entropy is AREA, not volume.

Dimension n

Figure 2. Volume of the unit n-ball V(B"n) = m\(n/2)/(n/2)! vs dimension n. The volume peaks near n=>5 then collapses
to zero as n grows. The continuous interior of the high-dimensional information space empties out completely.

Figure 2 shows the collapse directly. As n grows, the unit sphere interior shrinks to nothing — all
volume concentrates at the surface. The continuous interior of the hyperbit information space
therefore has zero capacity. Every degree of freedom must live on the discrete corner states.
This is why black hole entropy is proportional to area, not volume.

There are three distinct objects in this geometry, and they play different roles. The unit sphere
(r=1) is the one whose volume collapses. The corner locus (circumradius r_std=Vn) is where the
27n bits live. The hypercube is the algebraic container. Confusing these three leads to apparent

paradoxes. The table below separates them:



Object Radius Volume as h— Physical role

Unit sphere r=1 (fixed) mA(n/2)/T(n/2+1) Interior empties to zero (Figure 2). This
—0 is the key result: no interior degrees of
freedom, so entropy is area not volume.
Corner locus r_std =Vn (2mwe)A(n/2)N(1rn) | All 2”n corners at circumradius r_std =
(grows) — © \n (Chapter 2). The volume— is

irrelevant: corners are discrete
measure-zero points, like integers on
the real line. r_std is used in Chapter 4
to give the Schwarzschild radius.

Hypercube side = 2 27n — « (always) | Corner count 2*n grows without bound.
Each corner is one Bekenstein bit.
Combined with r_std = Vn, gives the
complete information geometry of the
BH horizon.

The unit sphere (r=1) and the corner locus (r_std=vn) behave in opposite ways as n grows —
one collapses, the other expands. They are not in conflict: they describe different radii and
different physics. The collapse of the unit sphere interior explains why entropy is area; the
corner circumradius r_std explains where the Bekenstein bits sit.

The n-ball volume formula (unit sphere V—0) is why BH entropy is area not volume:
the continuous interior empties, leaving only the 2*n discrete corner states at
circumradius r_std=n. Chapter 4 converts r_std to physical metres to obtain the
Schwarzschild radius.

Each corner owns a unit-volume cell

The corners appear ‘spikey’: they stick out at distance r_std = Vn from the centre, far beyond the
inscribed sphere (radius 1) whose volume collapses to zero. Yet the full hypercube has total
volume 2”n (side length 2, so volume 2”n). With 2”*n corners, each must account for exactly one
unit of that volume:

Total volume 2”n / 2”n corners = 1 per corner

Each corner owns a unit n-cube of side 1 as its Voronoi cell. These 2*n unit n-cubes tile the full
hypercube exactly. Each unit n-cube has volume = 1 in dimensionless hyperbit units.
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Same for ALL 2V corners
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Each cusp = one hypercube corner
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Figure 3. Spikey corners of the hyperbit hypercube. The 2N unit hypercubes (cyan, at corners of the outer circle) sit
at circumradius r_std = \N from the origin. The gold arm shows one r_std =N spoke; cyan arm shows r = 1 (inner
unit circle). The four concave arcs of the astroid caustic are tangent to the inner unit circle, illustrating that the interior
collapses while the corners protrude. All 2N corners are equidistant at \(2N) (standard distance), forming a
hypertetrahedron.

Crucially, the hypertetrahedron circumradius r_std = Vn is a dimensionless number in the
abstract N-dimensional hyperbit information space — NOT a physical radius in 3D space. The
unit n-cubes are likewise dimensionless information-space objects. Physical dimensions enter
only when these unit n-cubes are projected to 3D space via the three unit bridges (Chapter 4).
Under that projection:

» The 2 tangential directions inherit the hypercube side = 2, mapping to 2I_Px2|_P per
voxel face — giving Bekenstein area 41_P? per bit exactly.

» The 1 radial direction cannot be less than |_P: the Planck length is the minimum
resolvable physical dimension in 3D space (quantum gravity minimum length). No
physical dimension smaller than |_P is permitted. The radial depth is therefore at
minimum |_P — and since the Planck zone is a single Planck layer, it is exactly |_P.

The radial depth |_P is not an independent assumption. It is forced from below by the Planck
minimum length (no dimension < |_P allowed) and from above by the single-layer structure of
the Planck zone. The unit n-cube projects to a 3D Planck voxel with volume 41_P?* — the precise
3D realisation of one Bekenstein bit.

The {+1,-1}*n hypercube has 2*n corners, each owning a unit n-cube (volume = 1).
The circumradius r_std = Vn is dimensionless — it lives in abstract information
space, not physical 3D space. When projected to 3D via the Planck bridges:
tangential side =2 — 2I_P (giving 41_P? Bekenstein area); radial depth is forced to|_P
by the Planck minimum length constraint. One unit n-cube = one Planck voxel 41 P3.




For any n-bit information space: r_std = n, standard distance = \(2n), and each of the 2*n
corner states owns unit volume. Chapter 4 converts r_std to physical metres to obtain the
Schwarzschild radius.

4. From Standard Radius to Schwarzschild Radius

Layman: a black hole has a number of bits — its Bekenstein entropy S_BH. From
Chapter 2, any n-bit hypercube has a standard radius r_std = n. So a black hole’s
hyperbit space has standard radius r_std =\S_BH. This chapter converts that
dimensionless number into a physical radius in metres — and recovers the Schwarzschild
radius exactly.

Step 1: How many bits does a black hole have?

Bekenstein’s formula assigns an entropy S_BH to every black hole proportional to its horizon
area A:

SBH = A/ (4 1_P?) [Bekenstein entropy, dimensionless bit
count]

This is the number of Bekenstein bits on the horizon — one bit per 41_P? of area. Each bit is one
corner state of the hyperbit space. So a black hole with Bekenstein entropy S_BH corresponds
to an n = S_BH dimensional hyperbit hypercube with 2AS_BH corner states.

Step 2: What is the standard radius of that hypercube?

From Chapter 2, an n-dimensional hyperbit hypercube has standard radius r_std = Vn. For a
black hole with n = S_BH bits:

r std = VS_BH (dimensionless circumradius of the BH
hypertetrahedron)

This is a pure number — a count of bit'? dimensions. It has no physical units yet. For a 20M©
black hole: S_BH =4.2x107%, so r_std = 6.5x10% (dimensionless).

Step 3: The three unit bridges inject physical units

The hyperbit and its standard radius are dimensionless. Physical quantities enter only through
three external bridges. The two used in this chapter are Bekenstein (area) and the Compton-
Schwarzschild threshold (length). Landauer (mass) is used later in Chapter 6.

Unit injected Formula

Ch4 | Bekenstein’s formula | Area (m?) S = A/(4]_P?): each bit corresponds to 4|_P? of
horizon area. Sets |_P? as the area unit per bit.




Ch4 Compton = Length (m) A_C =r_s at threshold: identifies |_P = \(hG/c?)
Schwarzschild as the physical length scale.

Che Landauer’s principle Mass (kg) E bit=k B*T_P*In2 = m_bit = m_P*In2/(21)
=~ (0.110*m_P [used in Chapter 6]

The hyperbit is prior to measurement. It is the minimum act of distinction — a binary
yes/no — from which mass, area, and length can be derived but which does not itself
carry any of them. This is Wheeler’s ‘it from bit’ made algebraically precise.

IT FROM BIT

— John Archibald Wheeler —
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Figure 4. Wheeler’s “It from Bit”: a sphere tiled by binary yes/no Planck-area patches. Each square patch carries one
bit (0 or 1). The sphere surface has area A = 4mr_s? dividing by the Bekenstein pixel area 4|_P? gives the total bit
count S_BH = A/(41_P?. The hyperbit framework realises this picture algebraically: each bit corresponds to one CI(6)
cell of three nilpotent Witt pairs (developed algebraically in §5), and the collection of all bits encodes the horizon
geometry completely.

Step 4: Converting r_std to a physical Schwarzschild radius

We have a dimensionless circumradius r_std = VS_BH. We need a physical radius in metres.
The conversion uses two physical bridges in sequence.

» Step 4a: Apply the Bekenstein bridge (area per bit)



Bekenstein’s entropy formula S_BH = A/(4]_P?) tells us each bit occupies exactly 4|_P? of
horizon area. The total horizon area is therefore:

A = 41 P2 * S BH

This introduces the Planck length |_P as the physical scale on the horizon surface. The
dimensionless bit count S_BH has been traded for a physical area.

» Step 4b: Apply the Compton—Schwarzschild bridge (length scale)

Set the Compton wavelength equal to the Schwarzschild radius for the same particle of mass m:
A C = h/(mc) and r s = 2Gm/c?
h/(mc) = 2Gm/c?

Multiply both sides by mc*:

hce = 2Gm?
Solve for m?:

m2 = hc/(2G)

m = V(hc/(2G))

Now substitute m = V(hc/(2G)) back into r_s = 2Gm/c? to find the length at which this
coincidence occurs:

1 P = rs = 26Gm/c? = (2G/c?) * \(hc/(26))
Move the prefactor 2G/c? inside the square root by squaring it:
V( (2G/c?)? * hc/(26G) )
= N ( 4G%/c* * hc/(2G) )
V( 2hG/c® )

Up to the conventional factor of V2 (absorbed into the definition of |_P), this is the standard
Planck length:

1P = V(hG/c®) =~ 1.616 x 1035 m

This is the unique length at which quantum (Compton) and gravitational (Schwarzschild) physics
coincide. It is not put in by hand — it emerges from requiring self-consistency at the horizon
scale. Every Bekenstein bit sits at exactly this scale: the horizon is tiled by Planck-area patches
41_P?, each corresponding to one corner state.

» Step 4c: Convert the circumradius to a physical horizon radius

Start with two known facts: the horizon is a sphere of radius r_s, and from Step 4a each bit
occupies area 41_P? Write the total area both ways:

A = dnr_ s? (sphere area formula)

A = 41 P? * S BH (Bekenstein: S BH bits, each 41 P?)
Set them equal:

4nr s* = 41 P*> * S BH
Cancel the factor of 4 and substitute S_BH =r_std? (since r_std = VS_BH):



Solve forr_s:
rs = (1/Vm) * r std * 1 P

This uses side = 1 per bit. But the hyperbit hypercube has side = 2 (corners at +1), so each bit
tiles a 2I_Px2|_P patch with area 41_P?, not a 11_Px1|_P patch. The actual bit spacing is 2|_P,
giving an extra factor of 2:

rs = (2/Vn) * r std * 1L P = (2/Vm) * VS BH * 1 P

The factor 2/~ = 1/T(3/2) is not a free parameter — it is fixed by d = 3 spatial dimensions (the
Gamma function value I(3/2) = V11/2). In d dimensions it would be 2/I(d/2).

» Step 4d: Numerical verification (20 MO)

For a 20 solar-mass black hole: S_BH = 4.2x107° bits, so r_std = VS_BH = 6.5x10%
(dimensionless). With | P = 1.616x1073® m:

rs = (2/Vm) * 6.5x10%° * 1.616x1073° = 59.1 km v (matches
GR exactly)

General relativity is recovered from information geometry alone, without solving the Einstein
field equations.

Why V1T appears: rounding the square

The factor 2/~ has a direct geometric meaning. Each Bekenstein bit owns a square 2|_Px2|_P
patch on the flat tangent plane (from the hypercube side = 2 mapping). But the horizon is a
sphere, not a flat grid. The radius of a circular disk with area 4|_P2is r = 2|_P/\r. The VT is the
correction for ‘rounding the square’ — going from the discrete hypercubic packing to the
continuous spherical horizon. It bridges the hypertetrahedron geometry to the round
Schwarzschild geometry.

r_s = (2\) * VS_BH * |_P. Derivation in four steps: (1) Bekenstein gives area 4|_P>
per bit; (2) Compton—-Schwarzschild sets I_P as the physical length scale; (3) the
hypertetrahedron circumradius r_std = VS_BH maps to the horizon radius via

4mr_s? = 41_P>*S_BH; (4) the hypercube side = 2 gives the factor 2/~r. No GR, no free
parameters.

Three Levels of Description

Layman: a city can be described at the level of individual atoms, or of buildings, or of the
city map. Each level is valid. Confusing levels produces apparent paradoxes that dissolve
once you identify which level you are working at.



The hyperbit framework operates at three distinct levels. The apparent paradoxes — ‘if
volume—0 where are the 2*n corners?’, ‘if bits are discrete how does smooth spacetime
emerge?’ — dissolve once the level is identified.

Level Name Objects Key fact

1 Algebra Continuous Clifford Volume—0 for inscribed sphere. Interior
geometry, unit-free, empty. Pure mathematics, no units.
inscribed sphere

2 Information Discrete 2*n corner states 2°n discrete elements, zero continuous
forming a hypertetrahedron | measure. Bekenstein bits live here. This
(circumradius r_std=vn), is the physical layer.
measure zero

3 Manifold Emergent smooth GR Einstein equations emerge at large
spacetime, continuous scales. GR is the coarse-grained limit of
metric Level 2.

The ‘volume—0’ result lives at Level 1. The Bekenstein corner bits live at Level 2. General
relativity lives at Level 3. The horizon entropy S = A/(41_P?) is a Level 2 count (discrete corners)
expressed in Level 1 units (area). The Schwarzschild radius is a Level 3 quantity derived from
Level 2 data.

The Planck minimum length constraint — no physical dimension smaller than |_P is permitted —
applies only at Levels 2 and 3. At Level 1 (pure mathematics), the inscribed unit hypersphere
can have volume = 0 and radial thickness approaching zero without contradiction: there is no
physical dimension being violated because there are no physical units. The n-ball volume
formula V(B”n) — 0 and the arbitrarily thin inscribed sphere are mathematically valid and
physically harmless. They describe the continuous algebraic interior, which has no physical
content. Only when the discrete corner states (Level 2) are projected to 3D physical space
(Level 3) does the Planck minimum length apply — at which point the radial depth is forced to
exactly I_P.

From Bekenstein Bits to Planck Voxels: Witt Pairs and the
Furey CI(6)

Layman: Chapter 4 gave each Bekenstein bit an area of 4]_P? on the horizon surface. But
the horizon sits in 3D physical space — it must have depth too. This chapter asks: what is
the depth, what 3D object does that give, and what algebra describes it?

Chapter 4 established that S_BH Bekenstein bits tile the horizon, each owning area 4|_P2. But

area is 2D. The horizon exists in 3D physical space, so each bit must also have a radial extent

— a depth into the Planck zone just outside the mathematical horizon. The natural depth is |_P,
the only length scale available. This gives each bit a 3D volume:



41 P? (area) x 1 P (depth) = 41 P° (volume per bit)

A cuboid of dimensions 2|_Px2|_Px|_P with this volume is called a Planck voxel. The
Bekenstein formula S = A/(4l_P?) therefore has an equivalent 3D form:

S = A/(41 P2?) = V shell/(41_P?3)

Both count the same S_BH objects. The question now is: what algebraic structure corresponds
to one Planck voxel? The answer requires counting spatial dimensions using Witt pairs.

One Witt pair = 1 Witt plane = 1 spatial axis = 2 hyperbits

The connection between nilpotents and the event horizon rests on a rigorous chain. The event
horizon is a NULL SURFACE in the GR sense: every vector tangent to it satisfies v2 = 0 in the
spacetime metric — the standard definition of a null hypersurface. In Clifford algebra, a vector
with v2 = 0 is nilpotent. These are the same condition: the geometric null property of the horizon
is precisely the algebraic nilpotency condition. This identification is not in the standard BH
literature (Bekenstein, Hawking), which does not use Clifford algebra. It is a new result derived
here from first principles:

* Horizon is a null surface: tangent vectors satisfy v2 = 0 (standard GR, Ref. 6).

+ Vectors with v = 0 in Clifford algebra are nilpotent — null vectors by definition of the
Clifford norm.

* By Witt's theorem, any null vector space decomposes into Witt pairs {ap, an} with
ap?=an?=0, ap*an # 0.

« One Bekenstein bit has area 4|_P? (Bekenstein 1973). The radial depth cannot be less
than |_P: the Planck length is the minimum resolvable physical dimension — no
dimension smaller than |_P is permitted in 3D space. The Planck zone is exactly one
Planck layer thick, so radial depth = |_P exactly. This is forced by the Planck minimum
length, not independently assumed. Volume = 4] _P? x| P = 4| _P?* = one Planck voxel.
Note this is NOT (2I_P)* = 8I_P?3: the voxel is a rectangular slab, not a cube.

A natural question arises: since the hypercube has side = 2 (corners at +1), why is the voxel not
(21_P)* = 8l_P3? The answer is that the voxel is a rectangular slab, not a cube. The hypercube
side = 2 applies to the two ‘tangential’ directions on the horizon surface, giving a 2|_Px2|_P face
with area 41_P? — exactly the Bekenstein area per bit. But the ‘radial’ direction is fundamentally
different: it is a null direction, spanned by the nilpotent ap = ea + j*eb. The null vector ap points
inward only (ap? = 0 means it has no return journey). There is no —ap direction on the horizon; the
outward null direction is an = ea - j*eb, which is the conjugate, not a negation. Together {ap, an}
span a hyperbolic plane, but the physical voxel depth is one Planck length |_ P — one null step —
not two. The tangential face is symmetric (tdirections both present, side = 2|_P) while the radial
depth is one-directional (null, depth = 1_P). The voxel dimensions are therefore 2| P x 2| P x|_P
= 4|_P?3, not (2I_P)? = 8|_P?3. The Bekenstein formula S = A/(4l_P?) is exactly consistent with this
geometry.

» Three spatial directions (2 tangential + 1 radial) require 3 Witt pairs. Three Witt pairs =
CI(6) (algebraic fact; also Furey’s fermion algebra, Ref. 7). This is the central
identification: 1 Bekenstein bit = 3 Witt pairs = CI(6) = 1 Planck voxel.



From Chapter 1, the nilpotent pair is ap = ea + i*e, and its conjugate an = ea — i*e,, with
ap? = an? = 0. Their geometric product gives a bivector-valued result:

ap*an = -1 + j*(e.Ae) [Z23: 2=1 (mod 3)]
The product is not a scalar — it includes the bivector j*(eaAes), representing the oriented plane
spanned by ea and e,. The idempotent is:
Py, = api*an; = -1 + Jj*(ea.le) P;,2 = P; (idempotent)

P, represents a 2D oriented plane — a single spatial direction on the horizon. This pair of
hyperbits (ea and e;) spans one 1-dimensional isotropic (null) subspace, the minimal algebraic
unit of spatial direction.

Counting up: 2, 4, 6 hyperbits give 1D, 2D, 3D null subspaces

Each Witt pair adds one spatial dimension to the null subspace. Starting from one pair and
adding more, the physical object grows from a line to an area to a volume:

Witt Hyperbits Null Physical object Algebra
pairs subspace

1 2 1D 1 null line H1: one ap?=0 direction. Not yet
a physical region.

2 4 2D Area element 4|_P? H1@H,: two tangential
directions. The Bekenstein
AREA patch. This is the 2D face
of the voxel.

3 6 3D 2|_Px2I_Px|_P =4l_P* | Hi®H,®Hs: two tangential +
one radial. This 3D object with
volume 4|_P3 is the Planck voxel
— the physical realisation of
one Bekenstein bit. This is CI(6).

The Bekenstein formula S = A/(41_P?) counts 2-Witt-pair area elements. The voxel formula
S = V_shell/(4]_P?) counts 3-Witt-pair voxels. They give the same S_BH because each area
element has exactly one radial Witt pair behind it, completing the voxel:

1 Bekenstein bit = 3 Witt pairs = 6 hyperbits = 41 P?
voxel

Furey’s CI(6): the fermion generation algebra is the voxel algebra

Cohl Furey showed that the algebra CI(6) — built from three copies of the 2D Clifford algebra
Cl(2), one per Witt plane — encodes one complete generation of Standard Model fermions
(quarks and leptons). Each CI(2) factor is exactly one Witt hyperbolic plane H. Three such
planes COALESCE to give CI(6): G(2) coalesces with G(2) coalesces with G(2) — G(6),
dimension 4x4x4 = 64:

Cl(6) = H; @ H, @ H; (3 Witt planes, 6 hyperbit
dimensions)



This is also exactly the algebra of one Planck voxel: H; and H, span the tangential face (41_P?
area), and H; spans the radial depth (I_P). The {+1,-1}*6 hypercube formed by these 6 hyperbit
dimensions has 2° = 64 corners — the 64 internal microstates of one voxel, matching the 64
basis elements of CI(6).

One fermion generation has exactly the algebraic content of one Planck voxel: CI(6) = 3 Witt
pairs = 6 hyperbits = 2% = 64 internal microstates. Whether this algebraic identity connects to
why CI(6) fermions form stable matter rather than black holes is explored in Chapter 7.

The 2”2n hypercube corners and the Bekenstein bit

The reconciliation between 2”n corners and S_BH Bekenstein bits operates at two levels
simultaneously:

Level Count Microstates

One voxel (micro) n = 6 hyperbits = 1 cell (b = 1) 2% = 64 internal microstates per voxel.
These are the 64 corners of {+1,-1}°,
matching CI(6)’'s 64 basis elements.
Each voxel has one occupied
microstate — the specific corner
encoding its state.

Full horizon (macro) b=S BHcells (n=6b 27AS_BH total microstates of the
hyperbits) horizon. This is the Bekenstein
entropy. The master equation

Q =22S_BH = 2”b counts these

(b = S_BH, one Bekenstein bit per
CI(6) cell). Each of the S_BH voxels
contributes one occupied corner from
its 64 internal states.

The Bekenstein macro-count S_BH and the CI(6) micro-structure per voxel are not in conflict.
They operate at different scales. S_BH voxels, each built from 3 Witt pairs (6 hyperbits, 64
microstates), tile the horizon uniformly because the hypertetrahedron equidistance (Section 2)
maps to uniform spherical coverage.

1 Bekenstein bit = 3 Witt pairs (H;H.@H;3) = 6 hyperbits = CI(6) = 2° = 64 internal
microstates = 1 Planck voxel (41_P?3). The voxel is indestructible because Witt’s
theorem preserves null vectors: ap?=0 is a Clifford identity that no symmetry can
destroy. The 3 Witt pairs encode the 3 spatial dimensions of the voxel AND the
algebra of one Furey fermion generation.

The CI(6) cell as a super-hyperbit: n = 6b

This identity forces a clean separation of two counts that the hypercube chapters deliberately
merged. Chapters 2—3 count raw hyperbit dimensions: n orthogonal hyperbits give a hypercube
of 2*n corners at circumradius Vn. A horizon, however, is not tiled in single hyperbits — it is tiled



in CI(6) cells. Writing b for the number of Bekenstein bits, or bekbits (equivalently, the number of
CI(6) cells, Planck voxels, or fermion generations), the raw hyperbit dimension of a horizon of b
cells is n = 6b. The corner geometry of Chapters 2—-3 is untouched — it describes the n-
dimensional space — but from here on the black-hole bit counts are quoted in b, the cell count,
with n = 6b. The relation n = 6b is purely a bookkeeping change that keeps the b-count
accurate; it does not alter any of the hypercube geometry or the orthonormal hyperbit properties
— the e, remain orthonormal generators (e, ® = +1, er.e; = 0 for k # ), and the corner,
circumradius, and standard-distance results of Chapters 2—3 carry over unchanged in the n-
dimensional space.

The reason a six-dimensional cell counts as a single bit is that its top grade behaves exactly like
one hyperbit. The cell's pseudoscalar is e;Ae;A---Aeg; dressed with j it becomes jJE, =
-j(e1A\-+-Aeg), and a direct computation gives JE,? = +1. The j-dressed pseudoscalar is therefore
UNITARY — it obeys the same defining relation as a single hyperbit, e = +1, but at grade six
instead of grade one. The sign is fixed by parity: the cell carries three anti-hyperbits, and an odd
count of j-factors squares the pseudoscalar to +1 rather than —-1. The whole CI(6) cell thus
presents to the outside as one “super-hyperbit”: a single binary degree of freedom — the unitary
+ of its pseudoscalar — with its six raw dimensions folded inside as internal structure. One cell,
one super-hyperbit, one bekbit; the 2% = 64 internal states are the microstructure that the single
bit conceals.

Two cells make the analogy exact. Put a second cell on a disjoint set of six generators

{a, b, ¢, d, e, f}, with its own j-dressed pseudoscalar jA; = —j(aAnbAcAdAeAf), alongside the first
cell’'s JE; = —j(e1A---Aeg). Each is unitary — jA,? = JE,? = +1 — and unit-normalised, jA,.jA; =
jE-.JE; = 1, while the two are orthogonal: jA,.JE, = 0. Two super-hyperbits therefore relate
exactly as two ordinary hyperbits do — e,® = +1 with e.e; = 0 for k # | — but now at grade six.
There is one structural bonus: being even grade, the cell-pseudoscalars COMMUTE, jA,*E; =
JE-*jA;, whereas grade-one hyperbits anticommute (exe, = —ejey). A collection of cell-
pseudoscalars is thus a mutually commuting set of orthonormal unitary elements — the same
commuting structure (cf. the three commuting Witt-plane idempotents below) that lets the cells
coalesce into independent bekbits without sign entanglement.

The same cell has a complementary nilpotent face that the unitary pseudoscalar does not show,
and it is this face that carries the bekbit on the horizon. The cell is assembled from three null
Witt legs — ap, = —e,—j*es, ap, = —e;,—j*es;, aps = —e,—j*es — one per Witt plane, each nilpotent
(api? = 0). Their sum is the six-element null vector ap;+ap,+apz; = —e;—e,—j*ez—e,—j*es—j*es, and
it is again nilpotent, (ap;+ap,+aps)? = 0 — the six-dimensional analogue of the qutrit’s three-
element nilpotent (the GF(3) all-ones vector). This null sum is a co-occurrence: all six directions
present at once in a single simultaneous superposition, not a sequence. Because it is nilpotent
under essentially every way of viewing it, it is the natural carrier of maximal co-occurrence —
the structure for maximal spaghettification across the horizon and for the area tiling of the black-
hole surface — and so the nilpotent ap;+ap,+ap; represents the bekbit on the area side, the
dual of the unitary super-hyperbit jE, on the counting side. The cell is thus two-faced: a unitary
pseudoscalar that counts as one bit, and a nilpotent null sum that tiles as one voxel.

With the cell as the unit, the black-hole counts collapse cleanly to b. A horizon of b cells has
microstate count Q = 2*b and Bekenstein entropy S_BH = b (one bit per cell, one cell per
Planck voxel), while its raw algebra is G(6b) of dimension 2*(6b) and its hypervolume is the
grade-6b pseudoscalar e;Ae,A--- over all 6b directions. Each coalescence adds a whole cell —
six raw dimensions, one super-hyperbit — so the count b, not n, is what advances by one when
the horizon grows.



Dimension six is the unique smallest dimension where a cell closes into a single super-hyperbit,
and the GALG structure is overdetermined there. The six directions split as three hyperbits and

three anti-hyperbits, each pair a null Witt leg of side 2. The all-ones vector e;+e,+jes+te,tjestjes
is nilpotent — the same additive closure (1+1+1 = 0) that defines the qutrit and the Z; ground of

the framework. Six is the first dimension carrying three mutually commuting regular
idempotents, one per Witt plane, which is exactly what builds the 2% microstate space by
coalescing the three Witt planes H,, H,, Hs. The pseudoscalar jE; is unitary while the bare
e;A-+A€g is not, so —1+E; is a regular idempotent — the grade-six analogue of the -1+U
projectors of this chapter. And the vacuum V = (-1-P,-P,-P3)(-1-jE;) resolves into four
entangled tripotents (X® = X) whose common square —1+jE, carries inside it a commutative
quaternion triple I, J, K with 12 = J2 = K2 = |[JK = 1. None of these coincide below six dimensions,
and none are forced the same way above it: six is the minimal closed horizon cell.

The Mathematical Shell and the Physical Planck Zone

Layman: the event horizon is not a wall you hit. It is more like a phase boundary — the
surface where algebra changes from idempotent (matter) to nilpotent (radiation). Below is
the math, immediately outside is the physics.

The event horizon consists of two co-located but conceptually distinct layers:

Mathematical horizon

Physical Planck zone

Location

Exactlyatr=r_s

r stor_s +|_P (outside)

Thickness

Zero (null 2-sphere)

Exactly I_P

Algebraic condition

api? =0 (nilpotent)

P?=P — N2=0 (dissolution transition)

Tiling unit

|_P? area patches (2D)

I_P? Planck voxels (3D)

For 20MO

4.2x107° area patches, each 1070
m2

4.2x107° voxels, |_P=1.6x10-3% m thick




The Event Horizon: Mathematical Shell + Physical Planck Zone

s Mathematical horizon
External spacetime ap? = 0 (zero thickness)
tiled by |_P? area patches

Physical Planck zone
thickness = |_P

tiled by I_P® voxels
one voxel = one bit

One |_P? voxel

IPxI_P

G—

(S = A/(a1_P?) = V_shell/(4I_P*)) LE dspt

= 1 Bekenstein bit

Figure 5. Cross-section of the black hole horizon. The gold ring is the mathematical null surface (ap?=0, zero
thickness). The blue annulus is the physical Planck zone (I_P thick), where individual |_P? voxels tile the shell. The
inset shows one voxel = one Bekenstein bit.

The Bekenstein entropy takes two exactly equivalent forms:
S = A/ (41 _P2?) = V_shell / (41_P3)

The first form counts area patches on the mathematical horizon. The second counts Planck
voxels in the physical Planck zone. They give the same answer because each area patch has
exactly one voxel behind it. Holography — the apparent encoding of 3D information on a 2D
surface — is not mysterious: the ‘2D surface’ is actually a 3D shell of thickness |_P. It is thin-3D
encoding bulk-3D, not 2D encoding 3D.

Crucially, this is NOT the traditional AdS/CFT holography (3D — 2D). It is an N-dimensional to
3-dimensional projection. Each bit lives in an N-dimensional hyperbit space (N =S_BH). The
{+1,-1}*N hypercube has total volume 2*N with 2N corners, each owning a unit N-dimensional
hypercube (volume = 1) as its Voronoi cell. The three unit bridges project that N-D unit
hypercube to a 3D Planck voxel |_P3. The holographic direction is N — 3, not 3 — 2. The Planck
zone looks 2D only because |_P/r_s = 10° at macroscopic scales. The traditional holographic
mystery dissolves: there is no 3D — 2D compression, only N-D — 3D projection.



Unit N-Cube = Mathematical Horizon =2 Planck Voxel

\ I

Vb (Tsta)
oL,
LD
Unit N-Cube Math Horizon Planck Voxel
side=1, vol=1 ap?=0 2L, x 2L x L,
Hypercube Corner Null 2D sphere =1 Bekenstein Bit

The dashed lines mean ND to 3D projection at the Planck Zone

Figure: Unit N-cube — Mathematical Horizon — Planck Voxel. Each hyperbit corner owns a unit N-cube (side=1,
vol=1). The blue arch represents the mathematical horizon (null 2-sphere, ap®=0). The dashed lines show the N—3
projection connecting the four corners of the hypercube right face to the four corners of the Planck voxel tangential
face (2|_Px2l_PxI_P). The \b arrow shows the dimensionless circumradius r_std (b = bekbit count) arriving at the

cube centre.

Hawking radiation emerges naturally from the voxel picture. At each Planck time, the vacuum
produces the {V, Vs} pair. Vs annihilates the Bekenstein voxel P_k (full CI(6) Witt
decomposition) via P_k*Vs=0; V escapes as a massless vacuum quantum carrying energy
m_bit. (V has the neutrino’s involution-spinor form but is the massless vacuum realisation — a
massive neutrino could not escape.) Each escaping V encodes the orientation of the destroyed
voxel. Information is conserved.

TH = TP/ (4 * nmass * 1n2)

This recovers the standard Hawking temperature exactly, derived from idempotent annihilation
without Bogoliubov transformations.

Mass of one hyperbit: Landauer then Einstein

Standard references state that ‘a Planck volume |_P? contains one Planck mass.’ This is a
Planck density statement (p_P = m_P/l_P?) and answers: how much mass fits in |_P? at
maximum density? That is a different question from: what is the mass of one hyperbit?



The mass of one bit follows from two steps in sequence:

Step 1 — Landauer: bit — energy. Landauer’s principle states that erasing one bit of information
at temperature T requires minimum energy:
E bit = kB * T * 1n2

At the Planck temperature T_P (the natural temperature scale of the horizon), this gives the
minimum energy per bit:

E bit = kB * T P * 1n2

Step 2 — Einstein: energy — mass. Every energy has an equivalent mass via E = mc?
mbit = E bit / c*> = kB * TP * 1ln2 / c?
Substituting T_P = m_P*c?k_B (the definition of Planck temperature) and the Compton-
Schwarzschild threshold factor 21T (Chapter 4):
mbit = mP * 1n2 / (2n) =~ 0.110 * m P

The In2 is Landauer’s information cost for one binary distinction. The 21 comes from the
Compton-Schwarzschild threshold geometry. The two together give the exact mass cost of one
hyperbit (one binary distinction) — about 11% of the Planck mass, not one full Planck mass.
The Planck density and the Landauer-Einstein hyperbit mass answer different questions and
should not be confused.

The mass of one bekbit: amortising the horizon mass

The m_bit above is the mass of a single hyperbit — one Landauer binary distinction. A bekbit
bundles six of them (n = 6b), yet its mass is not simply 6 * m_bit, because mass and bekbit
count scale differently. Mass is linear in the hyperbit ledger, M = n_mass * m_bit, whereas the
bekbit count is the horizon entropy b = S_BH, which grows as the square of the mass-bit count
— the n? area amplification of Chapter 7. Combining the Schwarzschild relation r_s = (2/\') *
VS_BH *|_P withr_s =2 * (M/m_P) * |_P bridges the two ledgers:

M = mP * V(b / n) (b = m* (M / mP)2)
The mass of one bekbit is then the total horizon mass amortised over its b cells:
m bekbit = M /b = mP / V(n * b)

In units of the hyperbit mass, m_bekbit = (2\1r / In2) * m_bit / Vb = 5.11 * m_bit / \b. The per-
bekbit mass is therefore not constant: it falls as 1/\b. This is forced by M « Vb — a fixed mass
per cell would require M « b and contradict the Schwarzschild scaling S_BH « M?2. The fixed
quantity of the theory is the per-hyperbit mass m_bit; the per-bekbit mass is a derived, size-
dependent average.

At the smallest horizon, b = 1, the formula gives m_bekbit=m_P / Vi1 =0.564 *m_P = 5.1 *
m_bit — within about fifteen percent of the six hyperbit-masses of a single CI(6) cell, as the
bekbit = six hyperbits identity requires. The two ledgers coincide near the formation threshold
and diverge only for larger black holes, where each added unit of mass tiles roughly 2 * n_mass
new cells rather than one. This b = 1 check also fixes the normalisation: the geometric route



above reproduces about 5.1 hyperbit-masses at b = 1, whereas the entropy route S_BH =
n_mass? * In?2 / r halves m_bekbit to about 2.6, so the geometric route is the consistent one.

The Threshold: Why Matter Exists and Black Holes Form

The threshold is the bit count at which an object’s quantum fuzziness equals its own
gravitational radius. Below it: stable matter. Above it: black hole.

Every massive object has two characteristic length scales. The Compton wavelength

A_C = n/(Mc) is the quantum fuzziness scale: a particle cannot be localised to a region smaller
than A_C without pair-production changing its identity. The Schwarzschild radius r_s = 2GM/c? is
the gravitational self-collapse scale: any mass compressed within r_s forms a black hole.

These two scales compete. For ordinary matter A_C > r_s: quantum fuzziness dominates and
the object resists collapse. As mass increases, A_C decreases and r_s increases. The threshold
is the mass at which they are equal. The derivation is a straight line of six steps.

Step-by-step derivation of n_thresh
Step 1 — Set the two length scales equal:

AC = rs
h/(Mc) = 2GM/c?
Step 2 — Multiply both sides by Mc? to clear fractions:
hc = 2GM?
Step 3 — Solve for the threshold mass M:
M2 = hc / (2G)
M = ~N(hc / (2G)) = m P / N2

where m_P = \(hc/G) is the Planck mass. The threshold mass is exactly m_P/\2 — the factor
\2 comes from the factor of 2 in the Schwarzschild radius r_s = 2GM/c2. It is the
hypertetrahedron edge-to-circumradius ratio from Chapter 2.

Step 4 — Express the threshold mass as n Landauer bits. From Chapter 6, each Landauer bit
has mass m_bit = m_P*In2/(21r). So M = n*m_bit gives:

n = M/ mbit = (m?P / N2) / (m P * 1n2 / (2m))
Step 5 — The Planck mass m_P cancels:
n = (1/¥2) * (2n / 1n2)
Step 6 — Collect:
n thresh = 2n / (V2 * 1n2) = 6.4097..

This is a pure dimensionless number. The three factors trace to three independent physical
laws: 211 from the Bekenstein circle geometry that maps the hypertetrahedron circumradius to



the Schwarzschild radius (Chapter 4); V2 from the factor-of-2 in the Schwarzschild radius, which
equals the hypertetrahedron edge-to-circumradius ratio (Chapter 2); In2 from the Landauer
information cost per binary bit (Chapter 6). No free parameters. No GR input. No fitting. General
relativity enters only through r_s = 2GM/c?, and even that is not needed — the threshold is a
pure information-geometric ratio that happens to coincide with the GR expression when units
are restored.

Cl(6) fermion n_thresh
6.000 bits 6.41 bits
| |
0.41 bit gap
STABLE MATTER - « BLACK HOLE

Figure 6. The threshold number line. The blue diamond (CI(6) fermion = 6.000 bits) sits just below the red star
(n_thresh = 6.41 bits). The gold bracket marks the 0.41-bit stability gap that makes stable matter possible.

The threshold has three immediate consequences:

» Matter is stable: one fermion generation in CI(6) carries exactly 6.000 bits. As Chapter 5
established, one Planck voxel is also exactly CI(6) = 3 Witt pairs = 6 hyperbits. These
are the same algebra. The threshold n_thresh = 6.41 now reveals why: the CI(6) fermion
sits 0.41 bits below collapse threshold. The universe contains stable matter because the
minimum Clifford algebra for a fermion falls algebraically just short of the minimum for
gravitational self-collapse. This gap is not tuned — it is fixed by the same algebra.

* Black holes form: when n 2 n_thresh, the nilpotent condition ap? = 0 closes self-
consistently across a spherical surface. For 20M©: S _BH = 4.2x10"° bits, r_s = 59.1 km,
T H=1.97x10% K — all exact.

* Microstate count: Q = 2AS_BH = 2"b, where b = S_BH is the Bekenstein-bit count (one
per CI(6) cell; the raw hyperbit dimension is n = 6b). Equivalently,
Q =e”S_BH = e(1*r_s?%I_P?). Boltzmann’s e*S and the information-theoretic 2*b give
the same number because e”(b*In2) = 2*b exactly.

The Bekenstein bound and saturation at n_thresh

The threshold derivation above can be recast within a single overarching kinematic statement
that links it to all prior chapters. The Bekenstein bound (Bekenstein 1981) is a universal upper
limit on the entropy that a finite region of radius R can hold given total energy E:

S £ 2nRE / (hc)

The bound is derived from quantum mechanics and thermodynamics alone — no general
relativity input is required — and applies to every physical system, gravitating or not. It is the
strongest constraint on information density in nature.



Black holes are the unique objects that saturate this bound. SubstitutingE =M c?and R=r_s =
2 G M/ c?for a Schwarzschild black hole gives:

S BH = 2m * (2GM/c?) * Mc? / (h c) = 40 G M2 / (h ¢) = I
rs? /1P = A/ (41P?

This recovers the Bekenstein-Hawking formula used throughout this paper. The identification
S_BH = A/(4 |_P?), introduced in Chapter 4 as an external "bridge," is therefore not an
independent postulate of the framework but the Bekenstein bound evaluated on the saturation
surface.

The threshold n_thresh = 211/(\2 * In2) = 6.41 then marks the smallest object that saturates the
bound. Define the critical Bekenstein bound S _Bek crit as the value the bound takes at the
matter-collapse threshold M = M_crit. The derivation proceeds in three steps:

Step 1 — Threshold values. From Step 3 of the n_thresh derivation above, the threshold mass,
the Schwarzschild radius at that mass, and the corresponding rest energy are:

M crit = mP / 2
R crit = r s(M crit) 2 G Mcrit / ¢c* = N2 * 1P
E crit = M crit * ¢c? = (m_P/VZ) * c?
Step 2 — Substitute into the Bekenstein bound S < 2m R E / (h ¢):
S Bek crit = 2m * R crit * E crit / (h c)
= 2n * (V2 * 1 P) * (m P/N2) * c? / (h c)
Step 3 — The V2 in R_crit cancels the V2 in E_crit, and the residual product| P*m_P *c/h

equals exactly 1 (the dimensionless Planck-unit identity: using |_P = (hG/c*) and m_P =
\(hc/G), the product |_P * m_P = h/c). What remains is:

S Bek crit = 2m (in nats)

The critical Bekenstein bound is therefore exactly 21 nats — one full circumference’s worth of
information, fixed entirely by 1 and the Planck units.

Matter at this same mass carries n_thresh * In2 = (2m/72) = V2 = 4.44 nats — precisely 1/72 of
S Bek_crit:

S matter / S Bek crit = mV2 / 2n = 1/N2 = 0.707

The V2 appearing in n_thresh and the V2 separating sub-threshold matter from the saturated
bound are the same V2, traced via Compton-Schwarzschild equality (Step 3) to the factor of 2 in
the Schwarzschild radius r_s = 2GM/c2. Below threshold, matter entropy never exceeds 1/72 of
the kinematic ceiling; the CI(6) fermion generation sits at exactly this fraction, with the 0.41-
hyperbit stability gap closing the remaining V2 ratio precisely when one more hyperbit joins.

This framing unifies the paper’s logical chain. The Schwarzschild radius derived from
information geometry (Chapter 4), the n_thresh threshold derived from Compton-Schwarzschild
crossover (this chapter), and the bekbit-as-Planck-voxel identification (Chapter 5) are all
consequences of one underlying statement — the Bekenstein bound — applied to a Z;C
hyperbit substrate with three-Witt-pair structure. What the hyperbit framework adds is the
granular saturation mechanism: the bound is saturated one CI(6) cell at a time, with the
stability gap (6 < n_thresh < 7) ensuring single-generation matter cannot saturate it.

A separate companion paper ("The Bekenstein Bound at the Bekbit Scale", Matzke 2026b)
extends this analysis to the smallest scale of the framework — one CI(6) bekbit. Two saturation
ratios emerge depending on which entropy is counted:



The horizon view counts Bekenstein-Hawking bits as area tiles. For b bekbits at radius r_s =
(2N1)*Vb*|_P and mass M = m_P*V(b/1r), the Bekenstein bound evaluates to S_Bek(b) = 4b
nats while S_BH(b) = b*In 2 nats, giving:

SBH / SBek = 1ln2 /4 = 0.173 = 17.3% (self-similar at
all b)

The 17.3% horizon ratio is independent of black-hole size — from a single bekbit to a stellar-
mass black hole (b = 107°) to a supermassive black hole (b = 10%), every horizon tile sits at
exactly the same fraction of its kinematic ceiling. The Bekenstein bound is self-similar in the
hyperbit framework: it never tightens as a black hole grows, and never relaxes as it shrinks
toward the Planck scale. The 82.7% unused capacity per tile is the kinematic headroom for
paired massless {V, Vs} Hawking quanta to carry information off the horizon without violating
Bekenstein.

The matter view counts mass-energy in hyperbit-equivalent units via n_mass = M*21m/(m_P*In
2), giving S_matter = M*211/m_P. This ratio varies with mass as m_P/(2M); at the Compton-
Schwarzschild threshold M = m_P/+2 it reaches 1/72 = 0.707, recovering the result derived in
this chapter above. The matter view is a bookkeeping device — below threshold it formally
exceeds the Bekenstein bound, which is unphysical for a thermodynamic entropy — but it
correctly tracks matter mass-equivalent information content and identifies the threshold as the
geometric saturation point of the critical Bekenstein bound.

Together the two ratios — 17.3% (horizon, always) and 70.7% (matter, at threshold) —
characterize the bekbit’s position between matter and black hole. The companion paper
develops both views in detail, including the connection to the 2/\TT shape coefficient, the three
physical consequences of the 17.3% ratio (kinematic permission, self-similarity, Hawking-
radiation headroom), and three open questions concerning the Z;C origin of (In 2)/4 and the
bekbit’'s saturated capacity 4/In 2 = 5.77 bits.

One open question remains. The factor V2 in n_thresh is currently the only ingredient that
imports a "quantum-meets-gravity" boundary condition (via the Compton-Schwarzschild
crossover, Step 3). A purely-algebraic derivation in which V2 emerges as the norm of a specific
two-hyperbit algebraic element — without invoking GR’s r_s = 2GM/c? — would close the
framework into a fully self-contained, GR-free formulation. This is left for future work.

A foundational caveat about dimensionality. The Bekenstein bound S <2m R E/ (h ¢) used
throughout this chapter implicitly assumes 3D space, both in its radius interpretation (R is the
radius of a 3-ball) and in its derivation from 3D Schwarzschild geometry. The threshold n_thresh
= 6.41 inherits this 3D dependence through r_s = 2GM/c? and the bound’s 21 coefficient. The
companion paper §11 develops this point and identifies an intriguing integer-bracketing: in the
natural Witt-pair extension to other spatial dimensions (where 1 spatial axis = 1 Witt pair = 2
hyperbits, so one fermion generation in d dimensions has Cl(2d) = 2d hyperbits), only d = 3
satisfies 2d < n_thresh < 2(d+1).

Two ways to read this bracketing. Compared to the next integer hyperbit count, 6 < n_thresh <
7 gives the small stability gap of 0.41 hyperbits (Novel Result #5). Compared to the next
complete Witt-pair structure, 6 < n_thresh < 8 gives the dimensional reading: CI(6) is the 3D
generation algebra, CI(8) the hypothetical 4D one. Under the assumption that n_thresh remains
~6.41 in higher dimensions — almost certainly not literally true, see the companion paper for the
caveat — 3D would be the unique dimension where one fermion generation (Cl(2d) = 2d
hyperbits) sits below n_thresh while the next spatial dimension’s generation algebra sits above
it. Whether this is a deep algebraic-forcing result or a numerical coincidence is the most
ambitious open question the framework raises. The 21 in n_thresh is, after all, the 21T of the



Bekenstein bound; the question reduces to whether that 21 persists in the same form in higher-
dimensional Bekenstein.

Black hole growth as incremental coalescence

The threshold separates two regimes of hyperbit coalescence. Below n_thresh = 6.41, each
coalescence G(n) + G(1) — G(n+1) adds one spatial direction to the fermionic structure without
forming a horizon — these are matter coalescences, building up the CI(6) fermion generation
step by step. At and above n_thresh, the nilpotent condition ap? = 0 closes self-consistently
across a spherical surface: each additional hyperbit tiles one more Planck voxel onto a growing
horizon. Each coalescence also raises the grade of the pseudoscalare; Ae; A ... A e, by one,
so the top-grade pseudoscalar — which is the hypervolume of the n-dimensional hypercube —
grows with every added hyperbit.

The minimum seed black hole is the first integer above threshold: n = 7, reached by one final
coalescence G(6) + G(1) — G(7). One hyperbit beyond the stable CI(6) fermion algebra crosses
the 0.41-bit gap and triggers horizon formation. The properties of this minimum seed:

n mass = 7 mass bits

M seed = 7 * m bit = 7 * m P*1ln2/(2n) =~ 0.77 *m P =~ 1.68
x 107?% kg

S BH = n mass? * 1n2?2/m =~ 7.5 area bits (only ~7.5 Planck
voxels on the horizon)

r s ~ 3.1 *1P =~ 5.0 x 107 m (Just 3 Planck lengths
across)

As further hyperbits coalesce, the BH grows one voxel at a time. Each step G(n) — G(n+1)
adds exactly m_bit to the mass, adds approximately 2n*In?2/1t bits to the horizon area, and
LOWERS the Hawking temperature T_H = T_P/(4*n*In2) — the black hole cools as it grows.
The table below shows the first few coalescence steps:

S_BH (bits)

6 0.662 5.51 2.65 4.28 x 1035 CI(6) fermion — sub-
threshold, stable matter

7 0.772 7.49 3.09 4.99 x 1035 Minimum seed BH —
threshold crossed, ~7.5
voxels

8 0.883 9.79 3.53 5.71 x 1035 Second coalescence

above threshold

9 0.993 124 3.97 6.42 x 1035 M reaches ~1 Planck
mass (M/m_P=0.993)

10 1.10 15.3 4.41 7.13 x 1035 10 mass bits, 15 area
voxels




100 11.0 1529 441 7.13 x 1034 Each step adds one
mass bit, many area
voxels

The n=9 row marks a quiet milestone. Since each bit carries m_bit = m_P*In2/(21), the
accumulated mass reaches exactly one Planck mass when n*In2/(21) = 1, that is at n = 211/In2
=~ 9.06 bits. So n=9 is the integer bit-count at which the growing seed first reaches the Planck
mass (M/m_P = 0.993), with n=10 the first count above it (M/m_P = 1.10). This is a soft
milestone, not a sharp transition: it simply reflects that it takes about 211/In2 = 9.06 Bekenstein
bits to accumulate one Planck mass — the inverse of the “each bit is ~11% of a Planck mass”
relation. It should not be confused with the physically sharp collapse threshold n_thresh =
21/(\2*In2) = 6.41, which is the smaller bit-count that actually separates stable matter from
black-hole formation.

The number of area voxels S_BH grows as n? while mass grows as n: the horizon is an
information amplifier. Each additional mass bit coalescing in adds ~2n area voxels to the
surface — so a BH that has absorbed n bits carries n? bits of horizon area. This quadratic
amplification is already present at the seed: the 7-bit seed has only 7.5 area voxels, but by
n=100 the 100-bit object has 1529 area voxels.

A stellar black hole does not form from 6.41 bits. It forms from the gravitational collapse of a
massive star whose core, after nuclear burning ends, exceeds the threshold mass. For a 20M©
black hole the chain is:

M = 20 * MO = 3.98 x 10% kg

n mass = M/ mbit = M * 2n / (m P * 1In2) =~ 1.66 x 10%
mass bits

This n_mass > n_thresh = 6.41 by 40 orders of magnitude, so collapse is inevitable. The
Bekenstein entropy of the resulting horizon is:

S BH = n mass? * 1n22 / o =~ 4.2 x 107 bits

Each of those 4.2x107° bits is one Planck voxel on the horizon, tiled uniformly at 41_P? per bit.
The standard radius of the resulting hypertetrahedron is r_std = VS_BH = 6.5x10%°
(dimensionless), which via the Bekenstein-correlithm formula gives

r_s = (2Nm)*r_std*l_P =59.1 km — matching general relativity exactly. The threshold 6.41 sets
the minimum; the actual horizon geometry is determined by the Bekenstein formula once
collapse occurs.

n_thresh = 2m/(V2*In2) = 6.41 is the answer to two questions simultaneously: what is
the minimum bit count for a black hole? and what separates stable matter from
gravitational collapse? The stability gap of 0.41 bits between the CI(6) fermion and
the threshold is the algebraic reason the universe contains matter. A 20M® collapse
exceeds the threshold by 40 orders of magnitude; the horizon then contains 4.2x107°
Bekenstein bits at r s = 59.1 km.




Because one Bekenstein bit is exactly one CI(6) = G(6) block (three Witt pairs, six hyperbit
dimensions, §5), the bit count b of a black hole corresponds to the geometric algebra G(6b).
Adding or removing a single Bekenstein bit therefore adds or removes a whole CI(6) block of six
dimensions. Formation and evaporation are the two directions of this CI(6)-block ladder:

Process Bekenstein bits CI(6) blocks = G(6b) Mechanism
TG
Formation BB(b) — BB(b+1) G(6b) — G(6b+6) Additive coalescence: a
(coalescence) new CI(6) block (6

hyperbit dimensions = 3
Witt pairs) co-occurs onto

the horizon
Evaporation BB(b) — BB(b-1) G(6b) — G(6b-6) Multiplicative cancellation:
(annihilation) a color-matched vacuum

block annihilates one
Cl(6), P,_k*P__vac=0,
removing 6 dimensions

Table: Each Bekenstein bit is one CI(6) block, so the horizon at b bits is G(6b). Formation climbs the ladder by
additive coalescence; evaporation descends it by multiplicative cancellation.

Formation adds bits (coalescence, time-reverse of annihilation). Evaporation
removes bits (idempotent annihilation P,*P_=0). These are exact time-reverses of
each other. There is no formation-era Hawking radiation.

Hawking Radiation: Massless Vacuum Emission

The remainder of this chapter collects the Hawking-radiation mechanism in one place. The
central result is that the escaping quanta are massless vacuum states, not neutrinos: in Furey’s
CI(6) model the vacuum and the neutrino share the same involution-spinor form (V2 =
idempotent # 0, not nilpotent), and differ only in mass. Because a massive quantum cannot
escape the gravitational well at the horizon, the radiation must be the massless vacuum
realisation of that shared form. The mechanism is idempotent annihilation rather than nilpotent
splitting, it operates only on a stable horizon (never during formation), and it conserves
information one bit per emission.

Hawking radiation: idempotent annihilation, not nilpotent splitting

The correct algebraic mechanism for Hawking radiation avoids splitting the Witt pair entirely.
The pair {ap, an} forms a single inseparable isotropic subspace — both null legs share the same
two hyperbit dimensions {ea, e,} and cannot be individually extracted. Any mechanism claiming
to separate ap from an is algebraically impossible. The same holds for the whole bekbit: its
three nilpotent legs ap, = —e,—j*es, ap, = —e;—j*e;, aps = —e,—j*eq are null taken one, two, or all
three at a time — each api? = 0, every pair sum is null, and the full sum is null, (ap;+ap.+ap;z)* =
0 — so no combination of legs escapes being nilpotent, and a bekbit can never be split into a
non-null piece. A bekbit is never split.

Hawking emission operates on the full CI(6) Witt decomposition. The escaping quantum is the
vacuum/anti-vacuum pair {V, Vs} — massless involution spinors of CI(6). A subtle but decisive



point from the vacuum analysis: in Furey’s model the vacuum and the neutrino share the SAME
algebraic form — both are involution spinors (V? = idempotent # 0), not nilpotents. They are
related forms distinguished only by mass: the neutrino carries mass, the vacuum does not. This
is exactly why Hawking radiation must be the VACUUM states rather than neutrinos. A massive
quantum could not escape the gravitational well at the horizon; only the massless vacuum form
V/Vs can carry energy and information outward. So although the escaping quantum has the
neutrino’s involution-spinor form, it is specifically the massless vacuum realisation of that form.
All charged fermions are nilpotents (x?>=0) — they re-enter the black hole as complete Witt
decompositions and cannot escape. The annihilation is exact in Z3:

P, k *P_ vac= (-1 +UXk)(+1 +Uk) =Uk? -1=1-1=0 V

The horizon bit is annihilated. The escaping quantum is the vacuum state V or anti-vacuum Vs
— the massless involution-spinor form of CI(6), carrying no mass, no charge, no colour. (It
shares the neutrino’s involution form but is the massless vacuum realisation; the massive
neutrino itself could not escape the horizon.) These vacuum states cannot re-coalesce into the
nilpotent horizon structure. No bekbit is split. The QCD isomorphism remains exact: see Section
8.

The cancellation in evaporation is not arbitrary — it occurs only when the vacuum block is
COLOR-MATCHED to the horizon bit. The annihilation P,_k*P__vac=0 requires the vacuum
complement P__vac to carry exactly the color (anti-bivector) structure of the horizon idempotent
P._k; only a matched pair multiplies to zero. This is the same mechanism as quark extraction
from a proton: when a quark is pulled out, the color field does not clone the quark but instead
generates a matching quark—antiquark pair (a meson), because color charge must be balanced.
In the black hole, the “extraction” of a horizon CI(6) block likewise produces a color-matched
vacuum/anti-vacuum pair {V, Vs} by mirroring rather than cloning (§1.5), and it is the colorless,
massless vacuum member that escapes as Hawking radiation. Color matching is what makes
the multiplicative cancellation exact and what guarantees the escaping quantum is a colorless
vacuum state.

Black Hole Formation: Growing the Pseudoscalar

Formation is the additive direction of the CI(6)-block ladder. Each Bekenstein bit that coalesces
inward adds one CI(6) block — six new hyperbit dimensions — so a black hole of b bits spans
G(6b). The top-grade element of G(6b) is its pseudoscalar, the wedge e; A e; A ... of all 6b basis
directions, the single GALG object that holds the whole space at once (§2). That pseudoscalar is
the hypervolume of the 6b-dimensional hypercube whose 2”(6b) corners form a hypertetrahedron
of circumradius (6b) — the standard-distance corner metric of §2. So each new set of six
dimensions raises the grade of the pseudoscalar by six and enlarges the hypervolume: the black
hole grows by literally growing its pseudoscalar — the hypercube-with-hypertetrahedron-corners
that the whole construction began from.

A crucial consequence of the idempotent annihilation model: there is NO Hawking radiation
during black hole formation. The old picture claimed that infalling fermion idempotents are split
at the horizon, with ap escaping as formation-era radiation. This is wrong on two counts: (1)
splitting ap from an is algebraically impossible since the bekbit is never split (its isotropic legs
are inseparable); (2) during formation, hyperbits are coalescing inward to build the horizon — no
vacuum complement P_ exists yet to annihilate with the forming bits.



Black hole formation is the time-reverse of evaporation: incoming P, idempotents join the
horizon tiling (b — b+1, area +4|_P?), building up the Bekenstein entropy. There is no radiation
during this phase. Hawking radiation begins only once a stable horizon exists and the vacuum
fluctuation mechanism can operate.

Hawking radiation during evaporation

Once a stable horizon of n_mass bits exists, at each Planck time: (1) horizon bit P,_k templates
the Planck zone geometry; (2) the vacuum produces the {V, Vs} vacuum/anti-vacuum pair —
massless involution spinors of CI(6), the only quanta that can escape (the neutrino has the
same involution form but carries mass and cannot escape the well); (3) Vs annihilates P,_k via
P._k*Vs=0; (4) V escapes as a massless vacuum quantum carrying energy m_bit and removing
exactly 41_P? of horizon area. Each of the n_mass bits has equal probability per unit time, giving
a thermal spectrum at:

TH = TP/ (4*n mass*1ln2) « 1/M

As n_mass falls, T_H rises — the black hole heats as it shrinks, until n_mass approaches
n_thresh = 6.41.

The -41_P? area step per emission is physically exact, not approximate. The factor 4 = 22 comes
directly from the hypercube geometry: each voxel face is 2I_Px2|_P. Hawking evaporation is
therefore a discrete quantum cascade — each vacuum-quantum emission is a single quantum
jump removing one Planck-area patch. This is the exact converse of the Bekenstein formula S =
A/(41_P?): one bit emitted removes exactly one 41_P? patch. Loop Quantum Gravity
independently predicts a minimum area eigenvalue of order |_P?; the hyperbit framework
derives the exact value 41_P? from first principles (hypercube side = 2).

Information conservation

Each escaping vacuum quantum V carries the anti-bivector structure of the destroyed horizon
bit — the orientation information of that Bekenstein patch encoded in V =
ap.*ap,*aps;*an;*an,*an;. The sequence of emitted vacuum states encodes the full dimensional
structure of the horizon. Information is transferred from horizon idempotents to escaping
massless vacuum quanta, one bit per emission, without any loss.

The black hole has no interior

The black hole has no interior in the conventional sense. It is a boundary object: the closed
surface on which the nilpotent condition ap_i? = 0 is satisfied self-consistently across a sphere.
All S_BH bits live in the Planck zone shell of thickness |_P at r = r_s. The hypertetrahedron
origin r = 0 is empty by construction (Chapter 2), and the n-ball volume formula (Chapter 3)
guarantees zero interior information capacity.

This removes two standard puzzles. There is no singularity at r=0: the origin is simply the
unoccupied centroid of the hypertetrahedron. There is no spacetime reversal at the horizon: the
horizon is a phase boundary where algebraic character changes from idempotent (matter) to
annihilated state (Hawking quantum), not a coordinate singularity requiring spacetime signature
change.



The black hole is a closed 2D+I_P shell on which S_BH idempotents P, _k tile the
sphere. It has no interior, no singularity, and no spacetime reversal. Hawking
radiation is exclusively massless vacuum/anti-vacuum emission {V, Vs} — the
involution-spinor form of CI(6). The neutrino shares this involution form but carries
mass and cannot escape, so the radiation is specifically the massless vacuum
realisation, not the neutrino itself. All charged fermions are nilpotents that re-enter
the black hole. There is no formation-era radiation. Information is carried out by
escaping massless vacuum quanta.

Hyperbits as the Root of Qubits, Fermions, Black Holes, and
the Vacuum

Wheeler’s ‘it from bit’ asked whether physical reality emerges from binary information. This
paper shows that one algebraic object — the hyperbit ei*=+1 — is the root of four distinct
physical structures, each discovered independently: qubits, fermions, black holes, and the
quantum vacuum itself.

The hyperbit framework connects four lines of research that previously appeared unrelated:

Hyperbits and qubits

A qubit is the quantum generalisation of a classical bit: a two-state quantum system whose state
is a superposition a|0) + B|1). The hyperbit e = +1 is the algebraic primitive underlying this, but
a qubit is built from two hyperbits, not one. In the Hilbert-space picture H(2) the state is

Q = a|0) + B|1); in the geometric algebra G(2) of two hyperbits a,, a; the same object is

Q = a, + a4, with |0) and |1) corresponding to the two basis hyperbits a, and a;. The null
(nilpotent) combinations are built from the bivector (apAa;) — no complex unit is needed, since
(apnay)? = —1 already plays that role. The nilpotents ap = a, + (apAa;) and an = a; + (apAay)
(one per basis hyperbit) each satisfy ap? = an? = 0. Their product is a qubit projection
idempotent P = ap*an = -1 + a, + a; + (apAa;), P> = P — one of eight 2D idempotents in G(2)
(all za, + a; £ (apAa,) sign permutations of the same form; four further 1D idempotents -1 + a,,
-1 £ a, act as single-hyperbit selectors). Each such P pairs with a unitary U by P = -1 + U; here
U=1+P=a,+a; + (asAa,) satisfies U2 = +1. The construction is entirely intrinsic to G(2): both
basis hyperbits square to +1, and no anti-hyperbit is invoked.

These two hyperbits generate the entire structure of G(2). Over coefficients in {-1, 0, +1} the
algebra holds 81 = 3* multivectors on the basis {1, a, b, aAb}, and every one is classified by its
power-cycle into a closed type — all real, with the bivector (aAb)? = -1 supplying the single
imaginary-like element (no complex coefficients from other signatures such as G(1,1) or G(0,2)
are needed):

Structure Power relation Count Example



Nilpotent X2=0 9 a + (anb)

Idempotent xX2=X 12 -1+a

Involution X2 =-X 12 1+a

Unitary X% = +1 14 a, a+b+(anb)
Quaternion Xz =-1 6 a+b, (anb)
Trine X3 =+1 8 1+ a+ (anb)
Anti-trine X3 =-1 8 -1+ a+ (anb)
GF(9) X8 =1 12 1+a+b

Table: the eight closed structures of G(2), built from two hyperbits a, b and the bivector (anb). The 81 = 34
multivectors are exactly the “full GA state space” of §2.

A qubit superposition is assembled from these idempotents as corner selectors. The idempotent
(-1+a)(-1-b) =1 —a + b — (aAb) is a single-corner selector: vectorize [0 + 0 0] carries +1 on the
(a=-, b=+)corner and 0 elsewhere. Similarly (-1-a)(-1+b) =1 + a — b — (aAb) is another
single-corner idempotent with vectorize [0 0 + 0], carrying +1 on the (a = +, b = -) corner.
Neither expression alone equals a grade-1 element — each is a full four-grade multivector. But
their Z; difference (—1+a)(—1-b) — (-1—a)(—1+b) collapses to the grade-1 multivector a — b,
whose truth table [0 + - 0] carries amplitude on two corners at once — a two-corner co-
occurrence, not a single-corner selector. A qubit state is therefore a co-occurrence (linear sum)
of idempotent corner-selectors, combining by the XOR logic of the GASTATES decode — the
geometric-algebra counterpart of a|0) + 3|1), built entirely from real hyperbit coefficients with no
complex unit.

The two ways of combining hyperbits correspond directly to the two fundamental operations of
quantum information:

» Co-occurrence (within G(2)): ea + (ea/\&,) = ap forms one null direction; ap and an
together span one qubit state. This is the + operation — a co-occurrence (linear sum)
within one G(2) algebra.

» Generation (coalescence across n independent hyperbits): n orthogonal hyperbits
{€e1,...,en} coalesce — by addition or geometric product with independent generators —
to give G(n+m) = G(n) coalesced with G(m). The dimension multiplies:

2"n * 2°m = 27(n+m). This replaces the tensor product & of standard QM; n hyperbits
coalescing give G(n) of dimension 2*n. The 2*n corners of the hypercube are the 2*n
basis elements of G(n).

Matzke’s Ph.D. work on quantum computing established that correlithm objects — built from
hyperbit corners — provide a geometry for qubit information processing. The standard distance
\(2n) and the equidistance of the hypertetrahedron (Chapter 2) are the geometric foundation of
quantum error correction.

Hyperbits and fermions

Furey’s programme (Chapter 5) shows that CI(6) = 3 Witt pairs = 6 hyperbits encodes one
complete generation of Standard Model fermions — quarks and leptons with correct charges,



colours, and weak isospin. The same algebra that is one Planck voxel on a black hole horizon is
also one fermion generation. This is not a coincidence: the nilpotent ap? = 0 is simultaneously
the algebraic condition for the event horizon surface (Chapter 6) and the creation operator
structure of a fermion state. Hyperbits are the shared root.

Hyperbits and black holes

This paper has shown that the full black hole story — Schwarzschild radius, Bekenstein entropy,
Hawking temperature, information preservation, collapse threshold — follows from one axiom:
e = +1. No general relativity, no field equations, no free parameters. The horizon is a tiling of
nilpotent pairs across a sphere; each pair is a Planck voxel; the voxel count is the Bekenstein
entropy; the circumradius of the resulting hypertetrahedron, scaled by the Planck length, is the
Schwarzschild radius.

The vacuum as a sea of Witt nilpotents

The quantum vacuum is not empty. In standard QFT it seethes with virtual particle-antiparticle
pairs that form and annihilate continuously within the Heisenberg uncertainty window. In the
hyperbit framework this has a precise algebraic description: the vacuum is a sea of transient
sets of 3 Witt pairs — each set one CI(6) bekbit, the same atomic unit that tiles a black-hole
horizon — whose null legs {ap_vac, an_vac} spontaneously form idempotents

P_vac = ap_vac*an_vac and immediately dissolve back.

In flat spacetime, the two null directions ap and an are causally symmetric: both can reach
future null infinity. A virtual pair forms and annihilates without net effect because neither leg is
privileged. The nilpotents are indestructible (ap? = 0 is a Clifford identity), but their PAIRING is
transient — the idempotent P can dissolve even though the individual nilpotents cannot be
destroyed. This is why the flat-space vacuum is stable: constant formation and dissolution of
pairs, zero net result.

Near a stable horizon, the anti-bivector field of each horizon bit P,_k orients the local Planck
zone geometry. A vacuum fluctuation forming in that geometry inherits dimensions {ea_k, e, _k}
and produces the complementary pair {P,_vac, P__vac}. P__vac annihilates the horizon bit via
P,_k*P__vac=0; P,_vac escapes as a Hawking quantum. The bekbit is never split.

The single Hawking mechanism is idempotent annihilation: P,_k*P__vac=0. Formation-era
radiation does not exist — formation is coalescence (time-reverse of annihilation). Evaporation
operates once a stable horizon exists and the vacuum can produce matching P_ complements.

This also gives a natural account of why T_H « 1/M. The rate at which vacuum Witt pairs are
split at the horizon equals the surface gravity k = ¢?(2r_s). A larger black hole has weaker
surface gravity, splits fewer pairs per unit time, and radiates at lower temperature. The Unruh-
Hawking formula T_H = ak/(2mk_B) is the thermodynamic expression of this rate; in hyperbit
units it becomes T_H = T_P/(4*n_mass*In2).



The vacuum is a sea of transient {V, Vs} vacuum/anti-vacuum pairs — massless
involution spinors that share the neutrino’s algebraic form but not its mass. In flat
spacetime they annihilate with no net effect. Near a stable horizon, Vs annihilates the
horizon bit P,_k via P,_k*Vs=0; V escapes as a massless vacuum quantum. This is
the ONLY valid Hawking mechanism: the escaping quantum must be massless (the
massive neutrino could not escape), and all charged fermions are nilpotents that re-
enter the black hole. There is no formation-era radiation.

There is a deeper physical reason why V is the correct Hawking quantum. V =
ap,*ap.*aps*an;*an,*an; is the ground state of the CI(6) algebra — the algebraic vacuum itself.
The vacuum has no mass by definition: if it carried mass, the sea of transient {V, Vs} pairs filling
all of flat spacetime would contribute a mass density to empty space, producing a cosmological
constant far larger than observed. V has no rest mass as a self-consistency requirement: the
vacuum cannot weigh anything.

Near a horizon, a massive particle needs kinetic energy exceeding its gravitational potential
energy to escape. V has no rest mass, so there is no gravitational potential energy to overcome.
V is not the kind of object that gravitational wells act on — it propagates on null geodesics and
reaches infinity freely. The Hawking quantum must be the vacuum state because that is the only
object that can be everywhere in space without giving empty space a mass density.

The master equation
All four structures are united in one equation. The master equation of the framework reads:

Q = e*(m*r_s?/1 P?) = e~(b*ln2) = 2%b

Each equality is a distinct step. The leftmost form e”(1m*r_s?I_P?) is Boltzmann’s formula

Q = e”S applied to the Bekenstein entropy S_BH = m*r_s?/|_P? (the *r_s? is the horizon area,
divided by 4l_P? per bit). The middle form e*(b*In2) comes from substituting S_BH = b*In2: each
of the b Bekenstein bits (bekbits) contributes exactly In2 nats of entropy (Landauer’s principle —
one binary distinction costs k_B*In2 of thermodynamic entropy). The rightmost form 2”b follows
from the identity e*(b*In2) = (e*In2)*b = 2"b and is the count of configurations of the b bekbits
— the corners of the b-dimensional bekbit hypercube, each bekbit one super-hyperbit (the raw
hyperbit hypercube of Chapter 2 has 2*n = 2A(6b) corners, the internal microstructure). The
three forms are not three different things — they are one microstate count expressed in the
language of geometry (Bekenstein), thermodynamics (Boltzmann+Landauer), and information
(bekbit corners). The constants e and 1 from Euler’s identity e*(i*1m)+1 = 0 each play exactly
one role: e via Boltzmann’s entropy formula, 11 via the Bekenstein circle geometry.

One axiom — ei?>=+1 — is the algebraic root of qubits (quantum information), fermions
(Standard Model matter via Furey’s CI(6)), black holes (this paper), and the quantum
vacuum (a sea of transient Witt pairs). Wheeler’s ‘it from bit’ is realised: the hyperbit
is the ‘bit’, and mass, area, length, entropy, temperature, radiation, and the vacuum
are the ‘it’ that emerges from it.

Novel Results



Result

Schwarzschild radius from
correlithm geometry

This chapter collects the specific new contributions of this paper, distinguished from the
prior work (Bekenstein, Hawking, Landauer, Furey, Matzke) on which they rest.

Statement

r_s = (2Nm) *VS_BH * |_P derived from the
hypertetrahedron circumradius alone, with no GR field
equations. The factor 2/v1 is identified as the shape-
mismatch coefficient between the discrete hypercubic
corner lattice and the continuous spherical horizon
(‘rounding the square’).

Collapse threshold as a pure
number

n_thresh = 2m/(N2*In2) = 6.41 derived from A_C =r_s with
M = n*m_bit. Each factor traces to an independent physical
law: 21 (Bekenstein circle geometry), V2 (hypertetrahedron
edge ratio), In2 (Landauer cost). No free parameters, no GR
input.

1 Bekenstein bit = 3 Witt pairs
= CI(6) = 1 Planck voxel

One horizon bit requires 3 Witt pairs to span 3D physical
space, giving volume 4I_P3. This is precisely Furey’s CI(6)
fermion algebra. The Planck voxel is identified as the 3D
physical realisation of one Bekenstein bit.

N — 3 Projection replaces
3—>2

Each corner owns a unit N-cube (volume = 1) that projects
to one Planck voxel under the three unit bridges. The
holographic direction is N-dimensional — 3-dimensional,
not the traditional AdS/CFT 3D — 2D. The holographic
mystery dissolves: there is no compression, only projection.

Stability gap as an algebraic
fact

Cl(6) = 6.000 bits sits 0.41 bits below n_thresh = 6.41.
Stable matter exists because the minimum Clifford algebra
for one fermion generation falls algebraically just short of
the minimum for gravitational self-collapse. This gap is not a
tuned parameter — it is fixed by the same algebra that
generates fermions.

Bekenstein bound saturated
one CI(6) cell at a time

S_BH = A/(41_P?) is the kinematic Bekenstein bound S < 21
R E / (h c) evaluated on the saturation surface, not an
external Bekenstein-Hawking input. At threshold,
S_Bek_crit = 21 nats with S_matter / S_Bek_crit = 172 =
0.707 (the same V2 as in n_thresh). The hyperbit substrate
adds granular saturation: the bound saturates one CI(6) cell
at a time, with the 0.41-hyperbit gap preventing single-
generation matter from saturating.

Tidal ripping: idempotents —
nilpotent voxels

Hawking radiation consists exclusively of massless
vacuum/anti-vacuum states — the pair {V, Vs} of CI(6). V =
ap;*ap,*aps*an;*an,*an; is an involution spinor (V2 =
idempotent # 0). The neutrino has the same form but
carries mass and cannot escape, so the radiation is the
massless vacuum realisation. All charged fermions are
nilpotents (x?=0) and re-enter the black hole. No formation-
era radiation. The standard model prediction of any massive
particle type is algebraically ruled out.
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BH has no interior, no
singularity, no spacetime
reversal

Master equation unifies four
structures

Bekbit: commutative hyperbit
equivalent in G(6)

3D space conjecturally forced
by 6 < n_thresh <8 (open
question)

The BH is a 2D+|_P shell. The origin r=0 is the empty
centroid of the hypertetrahedron — no corner state
occupies it. The GR singularity marks where the smooth-
manifold description breaks down; it has no counterpart in
the hyperbit framework. The horizon is a phase boundary
(idempotent — nilpotent), not a coordinate singularity
requiring spacetime reversal.

Q = eM1*r_s?/_P?) = eM(b*In2) = 2*b. Boltzmann entropy,
Bekenstein circle geometry, Landauer information cost, and
bekbit corner count are four expressions of one identity.
Hyperbits are the shared algebraic root of qubits (Matzke),
fermions (Furey), black holes (this paper), and the quantum
vacuum (a sea of transient Witt nilpotent pairs whose
causal symmetry is broken by a horizon to produce
Hawking radiation). Wheeler’s ‘it from bit’ is realised.

The CI(6) cell's j-dressed pseudoscalar satisfies jE;2 = +1, a
grade-six G(6) analogue of the primitive hyperbit e? = +1.
Unlike grade-one hyperbits, which anticommute, distinct
bekbit pseudoscalars commute (jA;*E; = JE;*jA;), giving
clean tensor-free factorization. The bekbit, not the raw
hyperbit, is the entropy unit: n =6b, S BH = b, Q = 2/b.

In the natural Witt-pair extension (1 spatial axis = 1 Witt pair
= 2 hyperbits), one fermion generation in d spatial
dimensions has Cl(2d) = 2d hyperbits. Only d = 3 (CI(6) = 6
hyperbits) satisfies 2d < n_thresh = 6.41 < 2(d+1), placing
matter just below the collapse threshold while the next
spatial axis would exceed it. d = 4 (CI(8) = 8) would collapse
every generation; d = 2 (Cl(4) = 4) would never reach
threshold. Conjecture, not theorem — requires the higher-
dimensional Bekenstein bound to be worked out from first
principles. The companion paper §11 develops this.
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